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Abstract 

Let X be a smooth projective complex variety with an ample line bundle L, and let D be a simple normal 
crossing divisor. We establish the Kobayashi-Hitchin correspondence between tame harmonic bundles on 
X — D and /iL-stable parabolic A-flat bundles with trivial characteristic numbers on {X,D). Especially, we 
obtain the quasiprojective version of the Corlette-Simpson correspondence between flat bundles and Higgs 
bundles. 
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1 Introduction 

1.1 Main results 

We explain the main results in this paper. We do not recall history or background about the study of Kobayashi- 
Hitchin correspondence and harmonic bundles, for which we refer to the introductions of [38], [24] or [31], for 
example. The notion of regular filtered A-flat bundles and parabolic A-flat bundles are explained in Subsection 
12.11 (See also Subsections 3.1-3.2 of ^Slj. But, we also use a slightly different notation and terminology, as is 
explained in Subsection 12.1.71 ) They are equivalent, and we will not care about the distinction of them. The 
notion of filtered local systems is explained in Section |6| 

1.1.1 Kobayashi-Hitchin Correspondence 

Let X be a smooth complex projective variety with an ample line bundle L. Let D be a normal crossing divisor 
of X . Our main purpose is to show the following theorem. 

Theorem 1.1 (Theorem I5.15L Proposition 12.521 Proposition 12.53"]) Let {E^,D-^) be a regular filtered \- 
flat bundle on {X,D). We put E := E\x-D- Then, the following conditions are equivalent. 

• It is -poly stable with the trivial characteristic numbers par-deg^(£J:„) = par-ch2 l{E^) = 0. 

• There exists a pluri-harmonic metric h of {E,D'^) adapted to the parabolic structure. 

Such a metric is unique up to obvious ambiguity. I 

Remark 1.2 The claims of Theorem \l.l\ in the case A = has already been proved in our previous paper [311 . 
Hence, we restrict ourselves to the case X ^ in this paper. I 

Corollary 1.3 (Corollary 15.17]) Let C^^^ denote the category of jj^-polystable regular filtered X-flat bundles 
on {X, D) with trivial characteristic numbers. Then, we have the natural equivalence of the categories ~ 
C^°'^ for any Xi E C (i = 1,2). The equivalence preserves the tensor products, direct sums and duals. I 

Remark 1.4 Let Xi e C* {i = 1,2). A X2-connection D"^^ — d" + (A2/A1) • d' is induced from a Xi-connection 
D"^! — d" + d' . Hence we have the obvious functor Obv : — >■ C]^°'^. But this is not the same as the above 
functor Exi,\2. I 

Especially, we obtain a generalization of the Corlette-Simpson correspondence between flat bundles and 
Higgs bundles in the so-called non-abclian Hodge theory. 

Corollary 1.5 We have the equivalences of the following two categories: 

• The category of ^^-polystable regular filtered Higgs bundles on {X,D) with trivial characteristic numbers. 

• The category of -poly stable regular filtered flat bundles on {X,D) with trivial characteristic numbers. I 

1.1.2 Bogomolov-Gieseker inequality and some formula for the characteristic numbers 

Let X, L and D be as above. 
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Theorem 1.6 (Corollary (3720]) Let (£J*,1D)'*') be a ^L-stable regular filtered X-flat bundle on {X,D) in codi- 
mension two. Then, we have the following inequality holds for the parabolic characteristic numbers for E^: 

Cy par-c? r (E^,) 

.""-'■"'^■'^ "2..„kE ■ (" 

It is a generalization of the so-called Bogomolov-Gieseker inequality. I 

In the case A ^ 0, we also have some formulas about the parabolic Chern characteristic numbers, which are 
valid for any parabolic A-flat bundles in codimension two. One of the formulas can be stated simply, after we see 
the correspondence of regular filtered A-flat sheaves and filtered local systems. Let{E^,,'B'^) be a regular filtered 
A-flat sheaf on {X, D) . As is explained in Remark 11.41 we have the obvious correspondence of flat A-connection 
D-^ = d" + d' (A 7^ 0) and flat connection D'^^ = d" + X^^d'. In particular, we obtain the local system £ on 
X — D from the flat bundle {E^,^^'f)^x-D- Moreover, the parabolic structure of (£^*,D'*') induces the filtered 
structure of C, and we have the more refined claims as in the following proposition. 

Proposition 1.7 (Corollary 16.51 and Corollary 16. 7p LetC{X,D) denote the category of filtered local system 
on (X, D), and let {X , D) denote the category of saturated regular filtered X-flat sheaves on {X, D) for A 7^ 0. 
Then, we have the equivalent functor $a : C{X, D) — > C^"*(X, D) such that par-C]^(£*) — par-Cj^ ($a(£*)) and 
par-chj = par -chj £,($a (£*))• The functor preserves the y,L-stability. I 

Remark 1.8 From Theorem W. Gl and Provosition ll. 7l we obtain the Bogomolov-Gieseker inequality for fi^-stable 
filtered local systems (Corollary Such a kind of the inequality is discussed in |41| . I 

Remark 1.9 Let us describe the formula par-chj i(£*) = par-chj ^(<I>(£*)) in terms of the c-truncation 
{cE^,3^) of saturated regular filtered X-flat bundle For simplicity, we assume dimX = 2. 



ieS ueKMSUE,,i) 

+ J2 J2 (Re(A-V,) +aO(Re(A-iaj) +aj) ^(P,^,,^^). (2) 

P&DinDj 

Here, u = {a, a), Ui — (0^,0;;) and Uj = (aj,aj) denote the KMS-spectra of {(.E,!!)'^), which are elements of 
RxC. We putr{i,u) := reink' Gr^'^ {^E) for u e K.MSUE^,i), andr{P,u„Uj) := rank^ Gr^^]^^^.j(cP|p) for 
{ui,Uj) e JCA4S{cE, P) and P £ Dif] Dj. And {Di,Dj) and (£'i,ci(L)) denote the intersection numbers. 

We also have some other formulas for par-ch2(c£'*) fProvosition 13.22]) or some vanishings for the data 
of (c£^*, D^) at D (Corollary^^ and Proposition^^. I 



1.1.3 Vanishing of the characteristic numbers and existence of the Corlette-Jost-Zuo metric 

Due to Proposition II.7( we obtain the vanishings par-deg^(£J») — par-ch2^i(£^*) ~ 0, when (£J*,V) cor- 
responds to the filtered local system whose parabolic structure is trivial, in other words, Re(a) -I- a = is 
satisfied for any KMS-spectrum u — (a, a) £ JCMS{i) and for any i e 5. We can apply such a consideration 
to the canonical prolongation of a flat bundle due to P. Deligne [3]. Let (£^, V) be a flat bundle on X — D. 
Then, it is shown that there exists the holomorphic vector bundle E on X satisfying (i) E\x-d = E, (ii) 

V E d E® f2^°(logD), (iii) the real parts of the eigenvalues of ReSi(V) are contained in [0, 1[. In that case, we 
have the naturally defined parabolic structure F for which Re(a) + a = are satisfied for any KMS-spectrum 
(a. Of). Hence, we obtain the vanishing par-deg^(i?, F) = /^^ par-ch2^(i?, F) = 0. 

This vanishing is significant to understand the existence theorem of the Corlette-Jost-Zuo metric from the 
view point of Kobayashi-Hitchin correspondence. When {E, V) is semisimple, we know the existence of a tame 
pure imaginary pluri-harmonic metric, which we call the Corlette-Jost-Zuo metric. (See JS] for the case D = 
and [16] for the general case. See also [30| . ) Since semisimplicity obviously implies the /ii-polystability of 
{E, F, V) ([3S], for example), we can derive the existence of the Corlette-Jost-Zuo metric from Theorem 11.11 due 
to the vanishing of the characteristic numbers. 
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1.2 Methods and difficulty 

1.2.1 Perturbation of parabolic structure 

Let X be a smooth projective surface, and let D be a simple normal crossing divisor of X. Let {E,F,]D>^) 
be a parabolic A-flat bundle on {X,D). For any small e > 0, we take an e-perturbation F^'^-' of the parabolic 
structure, and then (E, F^'^\]!])'^) is graded semisimple (Subsection I2.1.6"|) . It can be shown that the pseudo 
curvature of ordinary metrics for {E, f'''^\IS)^) (e > 0) satisfy the appropriate finiteness (Section [3]). By using 
the theorem of Simpson, we can take a Hermitian-Einstein metric /i^^^ of {E^x-Di^^) which is adapted to 
-F^*^-* (e > 0). Then, we can easily derive the Bogomolov-Gieseker inequality fTheorem ll.Gp . We also obtain the 
formulas by calculating the integrals of the characteristic numbers for pseudo curvatures, for example 

Let us consider the existence of a pluri-harmonic metric (Theorem ll.il) . Ideally, the limit limg^o should 
give the desired pluri-harmonic metric for the given flat parabolic bundle {E, F, D^). However, it is not easy to 
show such a convergence. It is the main problem which we have to overcome in this paper. 

1.2.2 Difficulty 

In [3T], we gave an argument to deal with such a convergence problem for the case A = 0. The argument doesn't 
work in the case A 7^ 0. Let us explain what is the difference heuristically and imprecisely in the case A = 1. 
Since we have par-deg^(i?, i^*-'^-*) = 0, the metrics h^^E S^^^ harmonic metrics in this case. Recall that a 
harmonic metric can be regarded as a harmonic map, at least locally, and that we know a well established 
argument for the convergence of a sequence of harmonic maps when the energies are dominated ([S]). In our 
case, the energies of /i^^^; over X ^ D are not finite, in general. Even if we consider the energies over a compact 
subset Z d X — D, it is not clear how to derive a uniform estimate which is independent of e. On the other hand, 
the Higgs field is fixed for such a convergence problem in the case A = 0. In particular, the eigenvalues of the 
Higgs fields are fixed. Then, we can derive the estimate of the local L^-norm of the Higgs fields independently 
from e. Since such L^-norms play the role of the energies, the local convergence can be easily shown in the 
Higgs case, although we need some technical argument for global convergence. On the contrary, even the local 
convergence is not easy to show in the case A 7^ 0. 

1.2.3 Convergences 

To attack the problem, we discuss similar convergence problems in the curve case where the Kobayashi-Hitchin 
correspondence was established and well understood by the work of C. Simpson OTj. Let C be a smooth 
projective curve, and let D be a divisor of C. Let {E,F,'D^) be a A-flat stable parabolic bundle on {C,D), 
and let F^'^' be e-perturbations. Note we have det(£^, F, D'^) = det{E , F^'^\l])'^) . We can take a sequence of 
harmonic metrics /i*^'^-' for (iJ, F^'^-',©^) (e > 0) such that det/i'^^^ = deth^^\ due to the result of Simpson. 

First, we will show that the sequence {/i^'^-' | e > 0} converges to h^°\ Namely, let h\l^ (e > 0) be initial 
metrics for (E, F^'^\li^), and let s*^'^' be the endomorphism determined by h^'^^ = h[l^ ■ s^'^K Then, we can show 
the following relations: 

M{h'fj,h^'^)<0, |logs(^)|^(., <Ci,, + C2,e-M{h['J,h^'^), < y|tr(sW.G(/i(:'))|dvoU. 

(3) 

Here, M(h[^ , h^'^'>) denote the Donaldson functionals, and denote appropriate metrics oiC — D. Hence, if 
we show that C^^e can be taken independently from e for some w^, and if we can construct appropriate family 
of initial metrics h^^^ such that G{h\l^) are uniformly bounded with respect to lo^ and then we obtain the 
L^-boundedness of the family {s''^^}. Then, by using a standard bootstrapping argument, we can show that the 
sequence {s'*^-*} is convergent to the identity in the C°°-sense, i.e., {h^'^^ is convergent to h'^^^ (Section[5]). 

Next, suppose that we are given hermitian metrics /i^'^-' :— h^'^^ ■ s'*^' for e > 0, with the following properties: 

• detft(') ^ deth^'l 
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. J\Gih(^))\^~.0. 



• ||D'*'s^'^'' II < CXI. (We do not need uniform bound.) 
Then, we can show that is convergent to (See Subsection EI] for more precise claims.) 

We apply the above results to our convergence problem explained in Subsection 11.2.11 Due to the standard 
Mehta-Ramanathan type theorem (Proposition [^3, the restriction {E, F,I])^)^u is also stable for almost every 
very ample C C X. Let he be a harmonic bundle of (E, F,3'^)\(j. Then, we can show that {h^HE\c} 
convergent to he almost everywhere on C for almost every very ample C C X, by using the above result. 
Therefore, we obtain a metric /ly defined almost everywhere on X — D such that hy \c — he almost everywhere 
on C for almost every curve C d X. With some more additional argument, we can show that /ly gives the 
desired pluri-harmonic metric, indeed (Subsection I5.2p . 

Remark 1.10 Perhaps, the argument of this paper can be used in the Higgs case, to show the existence of a 
pluri-harmonic metric. However, we remark that the argument for a convergence given in |31| can be applied 
in a wider range. In fact, we used it to discuss the convergence of a family of harmonic bundles induced by the 
constant multiplication of Higgs fields. I 
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Mathematics at Kyoto University for their cooperation. The author wrote the first version of this paper during 
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2 Preliminary 

2.1 Generality of regular filtered A-flat sheaf in complex geometry 

The notion of a parabolic bundle, filtered bundle and their characteristic numbers are explained in Sections 
3.1-3.2 of [3T]. We use the notation there. 

2.1.1 A-connection 

Let y be a complex manifold, and let £ be an Oy-module. Recall that a A-connection of £ is defined to be a 
map D"^ : £ — > £ fiy" satisfying the twisted Leibniz rule V>^{f ■ s) — f ■ I])^{s) + A • dyif) ■ s, where / and 
s denote holomorphic sections of Oy and £ respectively. The maps : £ (g) fl^'^ — > £ ® are induced. 

When o is satisfied, it is called fiat. 

Let X be a complex manifold, and let D he a, simple normal crossing divisor with the irreducible decom- 
position D = IJjgg Di. Let = (£, {'JF | i g S}) be a c-parabolic sheaf on {X, D) for some c G . A flat 
logarithmic A-connection B)''' of is defined to be a map D'*' : £ — > £®^^'^{\ogD) satisfying the same twisted 
Leibniz rule as above, the fiatness o = and n^{'Ta) C ^Ta «> n^-°{\ogD). Such a tuple {£^,0^) wiU 
be called a regular parabolic A-flat sheaf. When the underlying c-parabolic sheaf is a c-parabolic bundle in 
codimension fc, it is called a regular A-flat c-parabolic bundle in codimension k. 

Remark 2.1 We often omit to state "regular" in this paper, because we always assume regularity. Non-regular 
case is discussed in 32J. I 

Let E^, = (^E, {cE} I c e ii'^) be a filtered sheaf on {X,D). A regular A-connection of E^ is a A-connection 
ofE satisfying D^{cE) C <Si n]f {log D) . A tuple {E^,D^) is called a regular filtered A-flat sheaf. When 

the underlying filtered sheaf is a filtered bundle in codimension k, it is called a regular filtered A-flat bundle in 

codimension k. 
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Lemma 2.2 A regular filtered X-flat sheaf on {X, D) is a regular filtered X-flat bundle in codimension one. 

Proof We have only to check that there exists a subset W d D with codimx(VF) > 2, such that cE^, \x\w 
is a c-parabohc bundle on {X \ W,D \ W) for some c. We can take W as Ui^j ^ C W, and hence 
we may assume D is smooth. Since E = E\x-d is locally free and cE is torsion-free, we can take W C D 
with codimx(W^') > 2 such that cE\x-w' is locally free. We may also take a subset W" C D \ W with 
codimjf(M^") > 2 such that the parabolic filtration of cE\d\(w'\jw") is filtration in the category of vector 
bundles. Then, W = W U W" gives the desired subset. I 

When X is an n-dimensional projective variety with an ample line bundle L, we can define the /i- stability, 
/x-semistability, and /U-polystability of regular filtered A-flat sheaves with respect to L, in the standard manner, 
"/x-stability with respect to L" will be called /Xi-stability, in this paper. 

2.1.2 KMS-structure 

Let X be a complex manifold, and let £> be a simple normal crossing divisor with the irreducible decomposition 

D = [j^^gD^. Let (£;,,lD)^)bc a regular filtered A-flat bundle in codimension one over (X, D). For simplicity, we 
consider only the case A ^ 0. Let us take any element c G , and the c-truncation c^^* of E^. We would like 
to recall the KMS-structure at fj, or more precisely, at the generic point of £>j. We may assume that (^i?*, B''*) 
is a c-parabolic bundle. We have the induced filtration *F on cE\Di- We put ' Gr^{cE) := '^Fa{cE) /^F^a{cE). 
Recall that we use the notation; 

Par{oE^,i) := {a\ci-l<a<Ci, 'Gr^{oE) ^O}, Par{E^,i) := [j Var{oE^,i) 

ceR^ 

Due to the regularity, we have the residue endomorphism ReSi(]D'^) on cE\Di, which preserves the filtration 
'^F, and hence we have the induced endomorphism Gr^ Resj (P"^) of * Gr^ {cE) ■ We remark that the eigenvalues 
of Resi(Il)^) are constant on Z)j. In particular, we obtain the generalized eigen decomposition: 



^Grr(cS)=0^Gr^^(e£;). 

aec 

We put KMS{aE^,i) := {{a, a) e]ci - x C | * Grf'f (c^^pj O}. Each element oi ICMS{oE^,i) or 
ICMS(E^,,i) := [j^^jis ICMS(cE*,i) is called a KMS-spectrum. 

2.1.3 Prolongment of flat subbundle and Mehta-Ramanathan type theorem 

To begin with, we recall a well known fact about regular singularity of a connection. 

Lemma 2.3 Let E be a holomorphic bundle on a disc A, and let V be a logarithmic connection of E on (A, O), 
i.e., V(£') C E 1^ S7^°(logO). Let f be a flat section of E\/^». Then, f naturally gives a meromorphic section 
ofE. I 

Corollary 2.4 We put X = A^ x A^ and D = {0} x A^. Let E be a holomorphic vector bundle on X and V 
be the logarithmic connection of E on {X,D). Let e be a flat section of E^x-d- 

• e gives a meromorphic section of E. 

• Assume that e is holomorphic on E and that e\Q ^ for some Q & D. Then, e\Qi ^ for any Q' G D. 

Proof We may assume that we have a holomorphic frame v of E. We have the expression e = ^ fi{z, w) ■ Vi. 
When we fix w, then fi(z,w) are meromorphic with respect to z. Thus, we have the least integer j{w) such 
that the orders of the poles of fi{z, w) are less than j{w). We put Sj := {w \ j{w) < j}. We have D = \J- Sj. 
If Sj ^ D, the measure of Sj is 0. Hence, we obtain Sj = D for some j, which means e is meromorphic. Thus, 

we obtain the first claim. 

Assume that e is holomorphic and that e|Q ^ for some Q G D. Recall that we have the induced connection 
of E^D. Namely, for any holomorphic section / e E^jj, take a holomorphic F G E such that = /, and 
then ^V(/) := V{F)\d is well defined. Since we have ^V(em) = 0, we obtain the second claim. I 
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Corollary 2.5 We put X = A", Di ~ {zi = 0} and D = [J"^i Di. Let V) be a logarithmic connection on 
{X, D), and let e he a flat section on X — D . 

• e gives a meromorphic section of E. 



Assume that e is holomorphic. We put D° := Di\\^-^^ Dj. If e\Q ^ for some Q £ D°, we have e|Q/ ^ 
foranyQ'eD°. I 

Let X be a complex manifold, and let -D be a normal crossing divisor of X. Let {E,W) be a flat bundle 
on X — D. Recall that P. Deligne gave the extension E oi E in [4], such that (i) E\x-d = E, (h) V(i?) C 
£'(g)ri^'°(logD), (iii) the real parts of the eigenvalues of ReSi(V) are contained in {0 < i < 1}. Such an extension 
is unique, or in other words, it is unique as the subsheaf of where l denotes the inclusion X — D — > X. 
The prolongment can also be done for A-flat bundle (i?, O^) on X — D, or more precisely, for the associated flat 
bundle {E,'B)^f). 

Lemma 2.6 Let be a regular filtered \-flat bundle on {X,D), and we put {E,Bi^) := {E^,3^)\x~d- 

Let {E,'D^) be the Deligne extension of {E,^}^). Then, we have E = E Ox{*D), where Ox{*L)) denotes the 
sheaf of meromorphic functions on X whose poles are contained in D. 

Proof We have the naturally defined flat section s on Hom{cE, E)\x-d- Due to Corollarv l2.51 s is a meromor- 
phic section, and hence we obtain the flat inclusion ^.E — > E®0{N-D) for some large integer iV, which induce 
the morphism E = [jcE = cE(S)0{*D) — > E(g)0{*D). Similarly, we obtain the inclusion E — > cE(g)0{N-D), 
and E ® 0{*D) — > E. They are clearly mutually inverse. I 

Lemma 2.7 Let {E^,Ji^) he a regular filtered X-flat sheaf on {X,D), and let {E,I}^) be as in the previous 
lemma. Then, we have E ::± E ® 0{*D) naturally. 

Proof Due to Lemma [2.21 and Lemma [2.6[ there exists a subset W C D with codimx(VK) > 2 such that 
E^x-w — E (g) 0{*D)\x~w- Let us fix c. There exists a large integer N such that we have cE\x~w C 
E<gO{N-D)\x-w- Since E is locally free, we obtain c-B C E®0{N-D), and thus E C E®0{*D). On the other 
hand, there exists a large integer N' such that E\x^w C c-E (g) 0{N' ■ D)\x-w- Hence, E C c£^^^ ® 0{N' ■ D), 
where c^^^ denotes the double dual of cE. Hence, we obtain E ® 0{*D) C c£^^^ ® 0{*D). It is easy to see 
^E^^ ® Oi*D) ~cE® 0{*D). Thus we are done. I 

Lemma 2.8 Let {E^..,3^) be a regular filtered \-flat sheaf on {X,D), and we put {E,n^) {E^,,n^)\x-D- 
Let E' he a X-flat subbundle of E. Then, we have the corresponding regular filtered X-flat subsheaf E^ C E^, 
such that cE' are saturated in ^E. 

Proof Let E denote the Deligne extension of (£',D'^). Wc have the corresponding subbundle E' C E. There- 
fore, we obtain E := E' ® 0{*D) C E ® 0{*D) — E. For each c, the c-truncation ^.E' is given by the 
intersection of cE and E' in E. Or equivalently, ^E' can be given by the intersection of ^E and E'{N ■ D) in 
E{N ■ D) for sufficiently large N. Thus, we obtain E'^ C E^. I 

Let us show the Mehta-Ramanathan type theorem for regular filtered A-flat sheaves. Let X be a smooth 
projective variety with an ample line bundle L and a simple normal crossing divisor D. Let D^) be a regular 
filtered A-flat sheaf on {X, D). Let iV be a sufficiently large number. We can take a generic hyper- plane section 
y of ^ satisfying the properties: (i) Dy :=Y {^D is simply normal crossing inY , (ii) ■ni{Y\D) — > ■ki{X\D) 
is surjective. 

Proposition 2.9 Assume dimX > 2. Then, is fiL-stable, if and only i/ D'^)|y is jiL-stable. 

Proof Let us fix c. If C cE destabilizes, the restriction W\y clearly destabilizes. Hence, the /Xi-stability 
of {cE^,,0^)\Y implies the /ii,-stability of (ci?*,©^). Assume that (c-E*, IQ''^)|y is not /ii-stable, and let W be 
a subsheaf oi cE\y satisfying B^(W) C W (log Dy) and par-deg(M^*)/rank(M^) > par-deg(cS*)/rank£;. 
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Let Q be any point oi X — D. Take a path 7 connecting Q and a point P oiY \ D. By the parallel transport 
along the path, we obtain the vector subspace Wq C E\q. It is independent of choices of P and 7, and we 

obtain the flat subbundle W' C c-Bij^^/j. Due to Lemma [2781 we obtain the saturated subsheaf W' C cE. By a 

general argument, it can be shown that there exists a subset Z C D with codimx(-^) > 2 such that Wl^-^_^ is 

a parabolic subbundle of cE\x-z- Then, it is easy to check that W destabilizes. I 

2.1.4 Saturated regular filtered A-fiat sheaf 

Let X and D be as above. Let (£J*,]D)'^) be a regular filtered A-flat sheaf (A 7^ 0). 

Definition 2.10 (£J*,D^) is called saturated, if the following conditions are satisfied: 

• There exists a subset Z <Z D with codimx(.^) > 2, and each aE are determined on aE\x-z- Namely, for 
any open subset U <Z X , we have the following: 

aEiU)^aEiU\Z)nEiU). (4) 

I 

It is easy to see that a regular filtered A-flat bundle is saturated. 

Lemma 2.11 Let (£J*,D'^) be a saturated regular filtered X-sheaf on {X,D). Then, each c-truncation cE is 
reflexive. 

Proof Recall we have already known that c-E* is a filtered bundle in codimension one (Lemma 12. 2p . Let 
ci?^^ denote the double dual of cE. We have the naturally defined injective map cE — > cE'^'^ . Due to the 
saturatedness, any sections of c-E^^ naturally gives sections of cE, i.e., f.E is isomorphic to cE"^^ . I 

Lemma 2.12 A saturated regular filtered X-flat sheaf on {X,D) is a regular filtered X-flat bundle in 

codimension two. 

Proof We have only to show that there exists a subset Z C D with codimx(^) > 3 such that (.E^ \x-z is a 
c-parabolic bundle on {X — Z,D — Z) for any c. Due to c+bE = cE (E)0{b ■ D), where b ■ D = X^^gg bi ■ Di, we 
have only to show such a claim for finite number of tuples c. Due to Lemma [2. Ill there exists a subset Z' C D 
with codimjs:(Z') > 3 such that cE^x-Z' is locally free. Hence, we can assume that ^.E is locally free from the 
beginning. 

We have the parabolic filtration *F — {^Fa | q — 1 < a < Ci} of cE^Oi- We can take the saturation ^Fa of 
^Fa. Namely, we put Ga ■= cE\Di/^Fa, and let Gator denote the torsion-part of Ga. Let tt^ : cE\Di — ^ Ga 
denote the projection, and we put ^Fa := tt^^ (Gator) • 

Lemma 2.13 'Fa = 'Fa. 

Proof By our construction, we have 'Fa C 'Fa, and we also know that there exists a subset W C Di with 
codimD,(T4^) > 1 such that 'Fa\D,^w = '^a|D,-M/- 

Let P be any point of Di. Let 5 be a germ of a section of 'Fa at P, and let G be a local section of cE on an 
open subset Uoi P in X such that the germ of the restriction of G to Di gives g. Then, G^u\y\/ gives a section 
of c'E on U\ W, where c' = (c^) is determined by — Cj {j 7^ i) and Ci = a. Due to the saturatedness, G is a 
section of c'E on U . Thus, g is the germ of a section of 'Fa, and 'Fa = 'Fa. Hence, we obtain Lemma [2. 131 I 

Let us return to the proof of Lemma 12.121 Due to Lemma I2.13[ the associated graded vector bundle 
' Gr^ {cE\£,.) is torsion free. Hence, there exists a subset Z'^ C Di with codimij. Z" > 2 such that is a 

filtration in the category of vector bundles on D'l \ Z'l . Then, c^^* \ x-Z" is a c-parabolic locally free sheaf on 
[X - Z" , D - Z"). Thus we are done. I 

Remark 2.14 By the correspondence of saturated regular filtered flat bundles and filtered local systems, we can 
obtain more concrete picture of the saturated regular filtered flat sheaves. We will see it in Section^ I 
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2.1.5 Canonical decomposition 

Let (fi*'' , (i — 1,2) be /ii-semistable regular c-parabolic A-flat sheaves such that iiL{£i^^) = ^l{£^^). 
Let / : (£:i^\lD)^(i)) — > (£:i^\lD)^(2)) ^ non-trivial morphism. Let (/C*,©^) denote the kernel of /, which is 
naturally equipped with the parabolic structure and the flat A-connection. Let 2 denote the image of /, and 
T denote the saturated subsheaf of f generated by I. The parabolic structures of ^i^^ and e'^^ induce the 
parabolic structures of X and X, respectively. We denote the induced parabolic flat sheaves by (X*,D^) and 
(X*, D-). The following lemma can be shown by the same argument as the proof of Lemma 3.9 of [ST| . 

Lemma 2.15 (/C*,D^), (X*,D^) and (X*,D~) are also fiL-semistahle such that /il(A^*) = Ml(2^*) — IJ-l{2*) = 
ULi^*''^)- Moreover, and X* are isomorphic in codimension one. I 

Lemma 2.16 Let D^W) (i = 1,2) be ^iL-semistable reflexive saturated regular parabolic X-flat sheaves 

such that fiLiSi^"^) = MiCfi^"*). Assume either one of the following: 

1. One o/(£i'',D^W) is ^L-stable, and rankiS^^I) = rank(£(2)) /jo/ds. 

2. Both of {£i'\D^'-'''^) are fiL-stable. 

If there is a non-trivial map f : (£i^\D^(i)) — > (5i^\D^(2))^ ^/jg„ J isomorphic. 

Proof If (£i^\D^(i') is ^ii-stable, the kernel of / is trivial due to Lemma [IHI If (5i^\D^(2)) jg ^^_stable, 
the image of / and f*-^-* are the same at the generic point of X. Thus, we obtain that / is generically isomorphic 
in any case. Then, we obtain that / is isomorphic in codimension one, due to Lemma 3.7 of [31j . Since both of 

(i) . .... ■ 

are reflexive and saturated, we obtain that / is isomorphic. I 

Corollary 2.17 Let {£^,1}'^) be a -poly stable reflexive saturated regular parabolic X-flat sheaf. Then, we have 
the unique decomposition: 

©^) = {£i''> , (^■)) (g> C™(^) . 
j 

Here, (fP^B^^^)) are ^L-stable with /iz,(£i"''') — /i(£*),, and they are mutually non-isomorphic. It is called the 
canonical decomposition in the rest of the paper. I 



2.1.6 Perturbation of parabolic structure 

Let X be a smooth projective surface with an ample line bundle L, and D he a simple normal crossing divisor 
with the irreducible decomposition D = UieS-^'- {cE, F ,^^) be a regular c-parabolic A-flat bundle over 
{X, D) for some c e . Assume A 7^ 0. We also assume c; ^ Var{cE, F, i) for each i £ S, for simplicity. Let 
Afi denote the nilpotent part of the induced endomorphism Gr^ ReSi(B^) on * Gr^ (cE). Before proceeding, we 
give a definition of graded semisimplicity, as in the Higgs case. 

Definition 2.18 The X-flat c-parabolic bundle {cE, F,I]>^) is called graded semisimple, if the nilpotent parts 
Mi are for any i E S . I 

We would like to consider perturbation of parabolic structure, as in Subsection 3.4 of |31j . First, we will 
recall general construction. Then, we will give two kinds of perturbations. 

Let 77 be a generic point of Di. We have the weight filtration of the nilpotent map A/i on * Gr^(c-E)^, 

which is indexed by Z. Then, we can extend it to the filtration W of ' Gr^ {cE) in the category of vector bundles 
on Di due to dimZ); = 1. By our construction, Afi{Wk) C Wk-2- The endomorphism ReSi(B'^) preserves the 
filtration W on * Gr''^ (ci?), and the nilpotent part of the induced endomorphisms on Gr'^(* Gr^ {cE)) are trivial. 
Recall that the flat A-connection B"^ locally induces the A-connection 'B^ of the vector bundle cE\Di on Di. 
Since ' Gr^'^CB^) commutes with Res^ B'*', it preserves the filtration W . 
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Let us take the refinement of the filtration ^F. For any a gjc^ — l,Ci], we have the surjection tTq : 
'Fa{aE\D^) — > 'Grf(,S). We put 'F,, 

fc •= ""a^CW^fc)- We use the lexicographic order on ]ci - l,Ci] x Z. 
Thus, we obtain the increasing filtration "^F indexed by ]ci — l,Ci\ x Z. Obviously, the set Si := {{a,k) e 
]c, - 1, c,] X Z I * Grf^.fc) 7^ 0} is finite. 

We explain the perturbation of the weight for the parabolic structure. Let ipi : Si — >]c,; — l,Ci] be the 
increasing map such that \(pi{a,k) — a\ < C ■ e for some C > 0. (Since we are interested in the family of 
the filtrations i^'*^-* (e > 0), this condition makes sense.) Then, *F and ipi give the c-parabolic filtration 
pie) ^ ^ip{e) I j g 5-). Thus, we obtain the regular c-parabolic A-flat bundle (^cE, f'''^\'B^^ , which are called 
the e-perturbation of (ci?, -F", IC^). By construction, we have the following convergence in H*{X,R). 

lim par-Ci(c^;, F^"^) = pa,T-c^{cE, F), lim par-ch2(cF, F^'^) = par-ch2(cF, F) 

e— ►O c— *0 

The following proposition is standard. (See Proposition 3.28 of [^T, for example.) 

Proposition 2.19 Assume that (^^E, F,3^^ is ^j^-stable. If e is sufficiently small, then the e-perturbation 
{cE,F'''^\D^) is also fj.L-stable. I 

We will use two kinds of perturbations ipi of parabolic weights. 

(I) The image of ipi is contained in Q for each i d S. This perturbation will be used to obtain the formula for 

the parabolic characteristic numbers. 

(II) For simplicity, we assume e — m^^ and < lOrankF • e < gap(c-E', F). (See Subsection 3.1 of [3T] for 
gap.) Let i Q S. For each a G 'Par{cE, F), we take a'(e, i) € ■ Z such that |a'(e, i) — a\ < m~^. Let 
L(e, i) € i? be determined by the following: 

L(e, i) ■ rank(F) := ^(a(e, i) - a) ■ rank* Grf (^E) 

Then, we put a(e, i) :— a'(e, i) — i(e, i) and (p(a, k) :— a(e, i) + k- e. By construction, we have the following 
equality: 

^ ^{a, k) ■ rankC Grf (,F)) - ^ a • rank(' Grf^,(,F)) 

Hence, we have par-C]^(cF, F) = par-C]^(cF, F*^^-*). For each i, we also have some — 1/m < 7^ < such 
that Par{cE, F^'^\i) is contained in {ci + ^i + p/m\p ^ Z<o, — l<7i+p/m<0}. 

Remark 2.20 The construction given in this subsection is valid, when the base manifold X is a curve. I 
2.1.7 Remarks about the terminology and the notation 

We give some remarks about the terminology "parabolic structure" . Let X be a complex manifold, and let D 
be a simple normal crossing divisor of X with the irreducible decomposition D — Uies-^i- We often discuss 
a regular c-parabolic A-flat bundle on (Jf, D) for some c e . In our most arguments, a choice of c are not 
relevant. In fact, c is fixed to be (0, . . . , 0) in many references where the parabolic structure is discussed. But, 
it is sometimes convenient to avoid the case Ci S Var(cE^,i), for example, when we consider a perturbation of 
the parabolic structure. That is the main reason why we consider general c-parabolic structure. 

In the following argument, we often assume Ci ^ T'ar{cEi,,i) implicitly, and we often omit to distinguish c, 
and use the terminology "parabolic structure" instead of "c-parabolic structure" , when we do not have to care 
about a choice of c. The author hopes that there will be no risk of confusion and that it will reduce unnecessary 
complexity of the description. 

Relatedly we have the remark about the notation to denote parabolic bundles. We often use the notation 
{cE, F) or cE^. to denote a c-parabolic bundle, when we would like to distinguish c. The notation "ci?" is also 
appropriate and useful, when we regard it as a prolongment of the locally free sheaf E on X — D. But, in some 
case, a vector bundle is given not only on X ~ D but also on X from the beginning. And, as is said above, 
we will not care about a choice of c. In such a case, we often prefer to using the notation {E, F) or F* for 
simplicity of the description. 
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2.2 Generality for A-connection in the C°°-category 

We will give some generality for A-connections. They are straightforward generalization of the argument for 
Higgs bundles or flat bundles given in Simpson's papers (for example [35] and [35]), and hence we will often 
omit to give a detailed proof. For simplicity, we will assume A ^ 0. 

2.2.1 The induced operators 

Let X be a complex manifold, and be a flat A-connection on X. We have the decomposition of D'^ into 

the (0, l)-part d'^ and the (1, 0)-part d'^. The holomorphic structure of E is given by d'^. Recall that the twisted 
Leibniz rule d'^{f -v) — X-dx{f)v + f -d'^v holds for / e C^{X) and v G C°°(X, E). Let /i be a hermitian metric 
of E. From d'^ and h, we obtain the (1, 0)-operator 6'^ ^ determined by dh{u, v) = h{d'^u, v) + h{u, 6'^ f^v). From 
d'^ and h, we obtain the (0, l)-operator 5'^ determined by Xdh(u,v) = h{d'^u,v) + h{u,6'^ j^v). We remark 
h(f ■ — X - dxf ■ V + f ■ S'^ hi^)- We obtain the following operators: 

dEM := YZ^id'i, + XSl^), Dem := Y^i^^'j, + S'^m), 

1 — 1 ^"^^ 

^E.h X _|_ |;^|2 (^'^g ~ ^E.h)^ ^E,h ■■= Y+JX^^^'^ ^ ^^'E,h)- 

It is easy to see that the following Leibniz rule holds: 

dE,hifs) = dxf ■ s + f ■ dEjiS, dE,h{fs) = dxf ■ s + f ■ Oems. 

On the other hand, and 9^ give the sections of End(i?) (X) Sl^'^ and End(i?) (g) $1°'^ respectively. We also have 
the formulas: 

d'^ = OeJi + Xd^j i^, d'E = XOeJi + ds.h, S'e^h = ^EJi — XOeJi, S'e^i, — XOeJi ~ 0E,h- 



Remark 2.21 The index "E,h" is attached to emphasize the bundle E and the metric h. We will often omit 
them if there are no risk of confusion. I 

Remark 2.22 We have the hermitian product (•, ■)h '■ {E (S> (8> (-E® fi ) — > induced by h. For a section 
A of End{E) (S> ri^'*, let Aj^ denote the section o/End(i?) (8> f^''^ which is the adjoint of A with respect to h in 
the sense (A • — (m, Aj^w)^^. The above is the adjoint of 9h in this sense. I 

We put -.^ - 51 ^ dh + el - X(dh +0,,). Wc have the following formula: 

T^^-XB^* _ D^-^ + AD^ 



1 + |A|2 ' 1 + |A|2 

We recall that h is called a pluri-harmonic metric if {dh + dh)^ = holds, i.e., {E,dh,Oh) is a Higgs bundle. 
The condition is equivalent to [D^,D^*] — 0. In the following, a A-fiat bundle with pluri-harmonic metric is 
called a harmonic bundle. 

Let us consider the case where X is provided with a Kahler form uj. For a differential operator A oi E (8)0.' 
of degree one, i.e., A : {X , E <8 D.') — > C°°{X, E « let A* denote a formal adjoint with respect to uj 

and h, i.e., Jj^{Au, v)h,uj dvol^^ = (u, A*v)h,uj dvolj^ hold for any C°°-sections u and v with compact supports. 
Here, (•, ■)h.uj denotes the Hermitiann inner product of appropriate vector bundles induced by h and uj. 

Lemma 2.23 (D^^)* = ^/^[A^,B^] and (©^)* = -\/^[A„, . 

Proof It follows from the relations d* = \^[Au^,dE], d* = - ^^[Aa;, (9b], 0* = -^/^[Au,,0''] and (0^)* = 
The Laplacian ^ : C°°(X, E) — > C°°{X, E) is deflned by A^^ := V^A^B^B^*. 
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Remark 2.24 For the differential operators of functions, := \/—lA{d+Xd)o[d—Xd) = (l + |Ap)V— 1A99 = 

(1 + |Ap)A", where A" denotes the usual Laplacian \/~lAi^dd. I 

Lemma 2.25 When X^O, we have X'^dl + X-^Ol = and X-^dl + X^\el)^ = 0. 
Proof From the flatness (D'*')^ = 0, we obtain the foUowing formulas: 

(A + xejf = dl + xdhei + {elf - o, (6) 

{Xdh + dhf = x^dl + xdhdh + el = 0, (7) 

\dh + X9l Xdh + Oh] =x([dh, dh] + [Ol 9h] ) + dhOh + X^dh9l = 0. (8) 



It is easy to see (9^)]^ — —d^, [dhQ]^ = dtOh and [O]^)'^ = — Therefore, we obtain the following equality 
from ([6]): 

-dl + x{dheh)~tel^{). (9) 

From dll) and ©, we obtain (A + A"^)9^ + (A"! + A)6'^ = (1 + |Ap)(A"^5^ + X'^el) = 0, which gives the first 
formula in the lemma. The second formula can be obtained by taking the adjoint. I 

Lemma 2.26 When A ^ 0, we have X"^ ■ dh9l + A^^ • dhOh = and [dh ,dh] + [Oh , Ol] ^ 0. 

Proof It is easy to check [dh,dh]l = -[dh,dh], [dh,Ol]l = -[0h,6l] and {dhOh)\ = dhO\. Hence, we obtain 
the following equality from ([5]): 

- \dh, dh] - K, Oh] + ■ dhOl + X ■ dhOh = 0. (10) 

The claim of the lemma immediately follows from ^ and (fTO|) . I 

Corollary 2.27 When A ^ 0, the pluri-harmonicity of the metric h is equivalent to the vanishings 6^ = and 
dh9h = 0. I 

2.2.2 Local expression 

Let [E, O^) be a flat A-connection, and let /i be a C°°-metric. Let = (wi, . . . , Vr) be a holomorphic frame of 
E. Let H — H{h,v) denote the hermitian matrix valued function of h with respect to i.e., Hi j = h(vi,Vj). 
Let us see the local expression of the induced operators. 

Let A denote the Af(r)-valued (l,0)-form of D'^ with respect to v, i.e., D'^t; = v ■ A, in other words, 
'D^Vi = ' ''^j- Let B denote the (l,0)-form of (5^ with respect to v, i.e., = v ■ B, and then we have 

dh{vi,Vj) — h(^Vi,S'i^Vj) — ^h(vi, BkjVk) ■ Hence, dH = H ■ B, i.e., we obtain B — H ^dH. Let C denote the 
(0, l)-form of 5'^ with respect to f , i.e., S'^^v = v ■ C, and then we have A • dh{vi, Vj) ~ h{d'vi,Vj) + h{vi, S'^Vj) = 

Y,k h{Ak,rVk, Vj) + J2k Kvi, Ckjvk). Hence, XdH = *AH + HC, i.e., we obtain C = A • H^^dH - H^^*AH. 
Thus, we obtain the following: 

Here, A^ denote the adjoint of A with respect to h, i.e., A^ ~ H ^ ■^■A ■ H. 

2.2.3 Pseudo curvature and the Hermitian-Einstein condition 

Assume A 7^ 0. For a flat A-connection {E,3''^) with a hermitian metric h, the pseudo curvature G'(/i,D'^) is 
defined as follows: 

G{h,B^) := [©\B^] =-^^^^^^{dh + ehf. 

Then, a hermitian metric h is a pluri-harmonic metric for (E,D^), if and only if G'(/i, B^) = holds. We will 
often use the notation G{h) or Gh instead of G{h,D^) if there are no risk of confusion. 

When X is provided with a Kahler form uj, a Hermitian-Einstein condition for h is K^G{h, O^)^ ~ 0, where 
"_L" means the trace free part. 
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2.2.4 Some relations between curvature and pseudo curvature 

By the construction of 5^, tlie operator d" + 5'^^ is a unitary connection of (S, h). The curvature of d" + 5'^^ is 
denoted by R{d" , h). We have the following expression of R{d" , h) due to [d", d'] = 0: 

R{d'\h) = [d",S',] = [d'\X-'d'] - i±l^[ci",0,] = _i±l^(5,0, + A[0l,0,]). (11) 



Lemma 2.28 The following equality holds: 



2 



trR{d",h) = - —trG{V)^,h) = ^atr^^. (12) 

1 + |A|^ A 

Proof From ([TT|) . we obtain tTR{d",h) ~ —(1 + |Ap)A~^ • dtvOh- On the other hand, we have the following: 

Here, we have used tr(6',^J = 0, which implies tr(9,J — due to Lemma [2.251 Thus we are done. I 
Lemma 2.29 In the case dimX 2, we have the following formula: 

tr{R{d",hY) = (i + |a|2)2 tr(G(fe,m^)^) - ^l±^di,{el ■ el). 

Proof We have the following: 

t4R(h, d"f) = li^AQ! (tr((9,(?,)2) + 2Atr(a,0, • 0^]) + A^ tr([0,, ^Jj^)) . 
Since we have tr([6l,, Olf) = -2 ti:{elel^) and (dh + \Olf = dl + XdhOl + X^Ol^ = 0, we obtain the following: 

A^ tr([0,, elf) = -2tr(A2 • Ol ■ Ol^) = 2tr(a', -Ol + X- 9,^1 • 9^) ■ 
Hence, we have the following equality: 

tr{R{h,d"f) = (m^) {tr{(dhOhf) + 2\lv(dheh ■ [Oh, ^1]) + 2tr(9' • Ol) + 2Atr(9,0j^ • Ol)). 
We also remark the following: 

tr(a,0, • [Oh, el]) + iv{el ■ duel) = tr((a,0,) • 0h ■ el) + tr{dh0h ■ el ■ 0,) - tr(0, • d^el ■ e^) 

- 9tr(0, • el ■ en) - -div{el ■ el). (13) 

Then, the claim of the lemma immediately follows. I 
2.2.5 Change of hermitian metrics 

Let hi (i = 1, 2) be hermitian metrics of E. The endomorphism s is determined by ft,2 = /ii • s, i.e., h2{u, v) = 
hi(^s-u,v) = hi(u,s-v), which is self-adjoint with respect to both of h^. Then, we have the relations i5^^ = 
(5^^ + s^^5'^_^s and 5^'^ — S'f[_^ + s^^(5,"^s. Therefore, we have the following relations from ([S]): 

dh2 = din + YTJx^^^^^hi^^ = + YTjAp'*"^^''!*' 
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We also have D^^* = D^;' + s-^B^^s, and thus [D^,D^*] [D^,B^*] + ©^(s^i) • ©^*s + s-iD^D^*s. Then, 
we obtain the following formula: 

= sV^{A^G{h2) - A^G{hi)) + V^A^B^s • s-^B^*s. (14) 
In particular, we obtain the following formula by taking the trace: 

tr(s) = tr(5^/^(A^G(/^2) - Ac.G(/ii))) - \B^{s)s-^/^\l^^^. (15) 
As in Lemma 3.1 of |36) . we can derive the following inequality: 

Ailogtr(s) < |A^G(/ii)|,^ + \A^G{h2)l^ (16) 

2.3 Review of existence result of a Hermitian-Einstein metric due to Simpson 
2.3.1 Analytic stability of fiat A-bundle 

Let A" be a complex manifold with a Kahler form uj. In this subsection, we impose the following condition as 
in [36]. 

Condition 2.30 

1. The volume of X with respect to lo is finite. 

2. There exists a C°° -function <j) : X — > -R>o with the following properties: 

• {x e AT I (l){x) < a} is compact for any a. 

• < \/—ldd(f> < C ■ UJ, and d(j> is bounded with respect to uj. 

3. There exists a continuous increasing function a : [0, oo[ — > [0, oo[ with the following properties: 

• a(0) = and a{t) =t fort>l. 

• Let f be a positive bounded function on X such that A^^/ < B for some B Cz R. Then, there exists 
a constant C{B), depending only on B, such that snpx I/I ^ ^{B) ■ o, (J^ |/| • dvol^j). Moreover, 
A„(/) < implies A„(/) = 0. I 

Let {E,'U'^) be a A-flat bundle on X. There are two conditions on the finiteness of the pseudo curvature of 
{E,B^,h). The stron ger one is the following: 

sup|G(;i,D^)|^^^ <cx). (17) 

The finiteness (|17p implies the weaker one: 

sup|A^G(/i,©^)|^^ < oo. (18) 

When we are given a hermitian metric h oi E satisfying the finiteness (I18|) . the degree deg^(i?, h) is defined 
as follows: 

Here, we have used (|12p . For any A-fiat bundle {V, IS>y) C {E, D^), the restriction hy ■— h^y induces deg;^(V, hy)- 
As in Lemma 3.2 of [36], we have the Chern-Weil formula. The proof is same. 



14 



Lemma 2.31 Let Try denote the orthogonal projection of E onto V . Then, the following equality holds: 



1 1 



X 



The value is finite or ~oo, when (jl8p is satisfied. I 
Definition 2.32 {E,IS>^,h) is defined to be analytically stable with respect to uj, if the inequality 

deg^jV, hy) ^ deg^{E,h) 
rank V rank E 

holds for any {V, D^) C {E, D^). I 
2.3.2 Existence theorem of Simpson and some consequence 

Proposition 2.33 Let {X,uj) be a Kahler manifold satisfying Condition ]'! .301 and let (E,D^ , ho) be a metrized 
flat X-connection satisfying (I17p . Assume that {E,^^ , ho) is analytically stable with respect to uj. Then, there 
exists a hermitian metric h = ho ■ s satisfying the following conditions: 

• h and ho are mutually bounded. 

• det(h) = det{ho). 

• ©'''(s) is L^ with respect to ho and uj. 

• It satisfies the Hermitian Einstein condition K^G{h)-^ ~ 0, where G{h)^ denotes the trace free part of 
G{h). 

• The following equalities hold: 

I tr(G(/i)2) .cc>"-2= / tv(G{ho)^y uj^-\ I iv(G{K)^^y uj^-^ = f tr(G(/^o)^') 



We do not give a proof of this proposition, because we need only minor modification of the proof of Theorem 
1, Proposition 3.5 and Lemma 7.4 of [33]. Indeed, we have only to replace D" , D' and F{h) with D^, U)^* 
and G{h), and to make some obvious modification of positive constant multiplications, as was mentioned by 
Simpson himself. (See the page 754 of ^37], for example. Remark that corresponds to our — D'*''^, and 

hence our G{h) is slightly different from his.) The author recommends the reader to read a quite excellent 
discussion in [36]. However, we will use some results related with the Donaldson functional, which are obtained 
from the proof. Hence, we recall a brief outline of the proof of Proposition 12.331 We will use the notation in 
Subsection!^ 

Let ho be a metric for (iJ,ID^) satisfying the finiteness p^ . Let us consider the heat equation for the self 
adjoint endomorphisms St with respect to ho: 

si'^ = -^/^K^G{h,)'-. (19) 

A detailed argument to solve (|19p is given in Section 6 of [3S]. Moreover, K^G{ht) is shown to be uniformly 
bounded. We do not reproduce them here. 

Then, we would like to show the existence of an appropriate subsequence tt ^ oo such that {st . } converges to 
Soo weakly in L^ locally on X, and we would like to show that h^o — ho ■ Soo gives the desired Hermitian-Einstein 
metric. For that purpose, Simpson used the Donaldson functional M{ho, hoSt^). (We recall the definition and 
some fundamental property in Subsection l2.41 below.) He showed that there exist positive constants Ci {i — 1,2) 
such that the following holds: (Proposition 5.3 of [36]. We review it in Proposition l2.41l We will use the notation 
there in the following.) 

sup I logsti < Ci + C2 • M{ho, host). (20) 
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He also showed (Lemma 7.1 of [35^) that M{ho, hoSt) is with respect to t, and that the following formula 
holds: 

^^M {ho, host) = - JjA^Giht)^\l^^^ < 0. (21) 

Since we have M{ho,ho) = by definition, we obtain M{ho,hoSt) < from (I2ip . Then, we obtain the 
boundedness of St from ((20|) . For the solution of (fT9|) . we have det(st) — 1. Hence, we also obtain the 
boundedness of s^^ . We also obtain the existence of a subsequence {i^} such that |A„G'(/ij.)|^2 — ^ 0- 

From the uniform boundedness of St and A.^G{ht), we obtain the lower bound of M(/io, hoSt) ■ (See Corollary 
12.401 in this paper, for example.) Moreover, we obtain the uniform bound of /y|D'^Ut|^^ due to the positivity 
of \E' given in p6|) . where St = exp(ut). Due to the boundedness of St and s^^, we also obtain the boundedness 
we obtain the L\ boundedness. Hence, we can take a subsequence {t"} such that Sf 

converges to some Soo weakly in L\ locally on X — D. Due to some more excellent additional argument given 
in the page 895 of [36], it can be shown that the convergence is weakly locally on X — D, for any p. As a 
result, we obtain the Hermitian-Einstein metric. 

By the above argument, we can derive the following lemma, which we would like to use in the later discussion. 



Lemma 2.34 Let Hq be the hermitian metric satisfying (|17p . Let huE be the Hermitian-Einstein metric ob- 
tained in Provosition \2. 33[ Then, we have M {ho, hfjE) < 0. 

Proof Recall that hnE is obtained as the limit /iq'Soo of some sequence {host^}, and we have M{ho, ho-st-) < 0. 
We use the formula ([25]). Let Z be any compact subset of X. The sequence {st^} converges to Soo in C" on Z. 
The sequence {Ai^G{ht^)} converges to A^G{hHE) weakly in L^ on Z. Therefore, we have the convergence: 

lim / tr{ut, ■ A^G(ft-tJ) dvoL = / tr(uoo • A^G{hHE)) dvoL ■ 

Here, Ut are given by exp(ut) = St- Since supx ktl and supj^ \AG{ht)\ are bounded independently of t, we can 
easily obtain the convergence: 

lim / tr(ut^ • A^G{ht,)) dvoL = / tr(uoo ■ A^G{hHE)) dvol^ . 

We have the C°-convergence of the sequence {D'^'ut^} to O^Uoo- Hence, we have the following inequality due to 
Fatou's lemma: 

(*(uoo)D^'Uoo, D^Uoo) dvoL < lim / (*(utj©^wt,, B^wt J dvoL . 
Then, we obtain the desired inequality. I 

2.3.3 Uniqueness 

The following proposition can be shown by an argument similar to the proof of Proposition 2.6 of |31j via the 
method in [36]. We state it for the reference in the later discussion. 

Proposition 2.35 Let {X,lo) be a complete Kahler manifold satisfying Condition \2.'i{)\. and {E,0^) be a X-flat 
bundle on X. Let hi (i = 1,2) be hermitian metrics of E such that A^G{hi) — 0. We assume that hi (i — 1,2) 
are mutually bounded. Then, the following holds: 

• We have the decomposition of X-flat bundles {E,D'^) = ^(i?Q,D^) which is orthogonal with respect to both 
ofh, (^ = 1,2). 

• The restrictions of hi to Ea are denoted by hi^a- Then, there exist positive numbers ba such that hi^a = 
ba ■ h2,a- 

Proof Let s be determined by h2 = hi ■ s. We can show D'^.s = by the argument explained in the proof of 
Proposition 2.6 of [31]. Note we are considering the case A 7^ 0. Hence, the eigen decomposition of s is D-^-flat, 
which gives the desired decomposition. I 
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2.4 Review of Donaldson functional 

We recall the Donaldson functional, by following Donaldson and Simpson ([5] and [33]). 

2.4.1 Functions of self-adjoint endomorphisms 

Let y be a vector space over C with a hermitian metric h. Let S{y, h) denote the set of the endomorphisms 
of V which are self-adjoint with respect to h. Let (p : R — > R he a, continuous function. Then, ip{s) is 
naturally defined for any s e S{V,h). Namely, let vi,...,Vr be the orthogonal base which consists of the 
eigen vectors of s, and let , . . . be the dual base. Then, we have the description s = Ki ■ (E> Vi, and 
we put f{s) :— '^ifini) ■ ® Vi. Thus, we obtain the induced map tp : S{V,h) — *■ S{V,h), which is well 
known to be continuous. To see the continuity, for example, we can argue as follows: Let U{h) denote the 
unitary group with respect to h. Take e — (ei, . . . , e^) be an orthogonal base of V. Let T denote the set of 
endomorphisms of V which is diagonal with respect to the base e. Then, wc have the continuous surjective 
map 77 : U (h) x T — > S{V, h) given by (u, t) \ — > u ■ t ■ u~^. It is easy to check the continuity of the composite 
If o TV. Since the topology of S{V^ h) is same as the induced topology via tt, we obtain the continuity. When ip 
is real analytic given by the convergent power series ^ aj ■ P , then ip{s) = % ' ■ The induced map is real 
analytic in this case. 

Let ^ : R X R — > i? be a continuous function. For a self-adjoint map s £ S(V, h), let vi, . . . , u,- and 
Vi,...,v^ be as above. Then, we put ^'(s)(v4) — J^'^i'^ij i^j) ' ' (8i Vj for any endomorphism A = 
J2 ■ '^i' ^ "^j of V- Thus, we obtain ^ : S{V, h) — > S'(End(V^), h), which is also well known to be continuous. 
Here, S(End{V), h) denotes the set of the self-adjoint endomorphisms of End(V^) with respect to the metric 
induced by h. To see the continuity, we can use the same argument as above. When 4" is real analytic given by 
a power series, ^ fcm,ni™^2 ; then we have ^'(s)(y4) = ^ fcm.nS™ • A • s", and the induced map is real analytic. 

Let If : R — > i? be C^, and let dip : R? — > R? denote the continuous function given by dip{ti,t2) — 
{ti~t2)'^^{(p{ti) — 'p{t2)) {ti 7^ t2) and dip{ti,ti) — (p'{ti). In this case, the induced map (p : S{V,h) — > S{V,h) 
is also C^, and the derivative at s is given by dip(s). To see it, we can argue as follows: When (p is real analytic, 
the claim can be checked by a direct calculation. In general, we can take an approximate sequence (pi — > ip 
by real analytic functions on an appropriate compact neighbourhoods of the eigenvalues of s G S{V, h). The 
induced maps ipi : S'(V, h) — > S{V, h) and dipi : S{y, h) — > S'(End(y), h) uniformly converge to p and dip on 
an appropriate compact neighbourhoods of s. Then, we can derive that ip is the integral of the form dip by a 
general fact. 

The construction can be done on manifolds. Namely, let i? be a C"^-vector bundle with a hermitian metric 
h. Let Sh{E) (or simply Sh) be the bundle of the self-adjoint endomorphisms of {E, h), and let Sh(End{E)) be 
the bundle of the self-adjoint endomorphisms of (End(-B), h). Then, a continuous function ip : R — > R induces 
ip : Sh{E) — > Sh{E), and * : — >R induces * : Sh{E) — > Sh{Eiid{E)). We have D^ip{s) = dip{s){D^s), 
when if is C^. 

2.4.2 A closed one form 

Let {X,Lu) and {E,D^) be as in Subsection l2.3.1l Following Simpson [5S], we introduce the space P{Sh), which 
consists of sections s of Sh{E) satisfying the following finiteness: 

||s||/i.c^.P := sup|s|/i + ||D^s||2./i,t^ + ||A^^s||i,,i.„ < oo. 

X 

Here, || • denote the L^'-norm with respect to {h,ijj). We will omit to denote w and ft,, when there are no 

risk of confusion. The following lemma corresponds to Proposition 4.1 (d) in [36]. The proof is same. 

Lemma 2.36 Let ip and 5" are analytic functions on R with infinite radius of convergence. Then, ip : P{Sh) — > 
P{Sh) and : P{Sh) — > P{Shi^iid{E))) are analytic. I 

Let ft be a metric satisfying (fT8| . Let V+{Sh) denote the set of the self-adjoint positive definite endomor- 
phisms s with respect to ft such that ||s||h,p < oo and Hs^""^ ||/i.p < oo. Note ||s||;i^p < oo and sup|s~^|h < oo 
imply ||s^^||/i,p < oo. We put Vh {ft • s | s e V+iSh)]- It is easy to see that any hi G Vt also satisfies (fTSl) 
due to (fn)) . It is also easy to see Vh = Ph^ io^: hi £ Ph- 
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Let ViSfi) denote the space of the self-adjoint endomorphisms s with respect to h such that ||s|lpji < oo. It 
is easy to see that 'P+{Sh) is open in VlSh)- In particular, we obtain the Banach manifold structure of V+{Sh)- 
By the natural bijection Vh — 'P+{Shi) for hi e Vh, we also obtain the Banach manifold structure oiVh, which 
is independent of a choice of hi £ Vh- We have the map V{Shi) — > V+{Shi) given by s i — > (Lemma 
I2.36p . It gives a diffeomorphism around € V{Shi) and 1 G V+[Shi)- Therefore, the map V{Shi) — > Vh by 
s I — > hi ■ gives a diffeomorphism around and hi. In particular, the tangent space Th^Vh can be naturally 
identified with V{Shi) for any hi e Vh- We also have the natural isomorphism V{Shi) — V{Sh) given by 
1 1 — > u ■ t for hi ^ h ■ u Cz Vh, which gives the local trivialization of the tangent bundle. 

For any hi € Vh and s G Th^Vh, we put as follows: 

^h^{s):= / $;^(s)dvoL e C, :-x/^tr(s-A„G(B\/ii)). 
Jx 

Then, $' gives the L\X, rj^^)-valued one form on Vh, and $ gives the one form of Vh- The differentiability of 
4> is easy to see. 

Lemma 2.37 ^ is a closed one form. 

Proof In the following argument, we use the notation D^* instead of D^"^. Let ki,k2 G Vh- They naturally 
give the vector field by addition. At any point hi G Vh, they give the tangent vectors cr = h^^ki and r — h^^k2 
in Th^Vh = V{Shi)- Hence, we have the following at /i + eki: 

$h+.fei (^2) = tr((/i + eki)-^ - k2 ■ G{h + efci)) • 

We have {h + eki)^^k2 = (1 + eo-)^-^T = t — ear + (1 + ea)~'^t^a'^T. Remark a^r is bounded. We also have the 
following: 

{\ + ta){G{h + eki) - G{h)) = D^ID^ *(1 + ecr) -D^(l + ecr) • (1 + ecr)"^©^ *(1 + ecr) 

= eD^D^V - e^D^cr • (1 + ecr)"^©^*^. (22) 

Hence, we have G{h + eki) - G{h) = eB^D^*a + e'^Ro{e,a,T), where Ro{e,a,T) is an L^-section of End(£;) » fi^, 
and the L^-norm is bounded independently from e. Therefore, we obtain the following: 



^'h+.fci(fe) - ^hik2) = J tT{{h + eki)-^ - k2 ■ G{h + eki)) ■ cj"'^ - J tr{h-^ - fca • G{h)) - uj""-^ 
= j tr(TG(/i + eki) - TG{h)) ■ tj"-^ - j tr{aTG{h + tki)) ■ cj"-^ + e • i?i(e, a, t) 

^ J tr(TD^D^V) -uj^'-^-V^ J ti- {(T ■ T ■ G{h)) ■ uj''-^^ + ei?2(e, ff, r). (23) 



Here, we have Ri{e,(j,T) — > (i = 1,2) in e ^ 0, due to ||cr||p < cg and \\t\\p < oo. Hence, we obtain the 
following equality: 



dh^i(T,T) = J (tr{TB^D^*a) - tr(crD^D^ V)) - uj"-^ - \^ J tr([cr,r] ■ G{h)) 

We have the following equality, due to [D^,D^*] = G{h): 

{-Xd + d) tr(T©^cr) + {Xd + d) tr{crJ])^ *t) = tr(©^ VD^cr) + tr(TP^ *D^cr) + tr(lD)^crD^ V) + tr(o-©^D^ *t) 

= -tr(T©^D^*cr) +tr(T • [G(/i).cr]) + tr(crD^D^*T) = - tr(TB^D^ V) + tr(crD^D^ V) +tr([cr,r] • G{h)) 

(24) 

Hence, we obtain 4$((t,t) = ((-A9 + 9) tr(rD^cr) + (A9 + a) tr(CTlD)^ V)) -w""!. By using |lcr|lp < oo 

and \\t\\p < oo, we obtain the vanishing of dh^{(7, t), due to Lemma 5.2 of |36|. I 
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2.4.3 Donaldson functional 

For hi,h2 G Vh, take a difTerentiable path 7 : [0,1] — > Vh such that 7(0) — hi and 7(1) — and the 
Donaldson functional is defined to be M{hi, h^) '■= It is independent of a choice of a base metric oj, in 

the case dimX = 1. We have M{hi, ^,2) + M{h2, = M{hi, h^) by the construction. 

Lemma 2.38 When h2 — hi ■ for s e V{Shi), we have the following formula: 

M{hi,h2)=V^( tr(sA^G(/ti))dvoL+ / (*(s)I])^s, P^s) dvoL . (25) 
Jx Jx ^ 

Here, (•, ■)uj,hi denotes the hermitian product induced by uj and hi, and ^' is given as follows: 

[h - hY 

See Subsection \2.4:.l\ for the meaning 0/ ^'(s)(D^s). 

Proof Let M'{hi, /i2) denote the right hand side of ((25|l . The following formula immediately follows from the 
definition: 

^M'(/^le*^/^le(*+")^) = / ^/^tr(sA^G(/^le*^)) . 



We also have the following equalities: 



X 



^M'(/.ie-,/.re(*+">)|_„ - ^M' {hi, hie^^) ^^^^ = _g_M'(/^,, /.ie(*+")^) (27) 

The second equality can be shown formally. The first equality can be shown by the argument in the page 883 
of [36]. We also have the obvious equality: 

|-A^'(/lle*^/lle(*+")^)|t=o,n=o = ^M'ihi,hie^'+->)it=o,u=o- 
Hence, we obtain the following: 

^M'(fti,/iie*^) = ^^/^tr(sA^G(/^le*^)). 

Thus, M'{hi, hie^) is the integral of $' along the path 7(t) ~ /iie**, and hence M'{hi, ^,2) — M{hi, ft,2). I 

Remark 2.39 In (36] . the formula (j25p is adopted to be the definition of the functional. We follow the original 
definition of Donaldson [5] . I 

We obtain the following corollary due to the positivity of the function 5*. 

Corollary 2.40 //sup |Ai^G(/i)|^ < B is satisfied, we have the following inequality: 

M{h, he'') > J tr(sA„G(/i)) • dvoL ^ J ' ^^^^'^ • 

In particular, the upper bound of s gives the lower bound of M{h,he''). I 
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2.4.4 Main estimate 

The following key estimate is the counterpart of Proposition 5.3 in ^36]. The proof is same. 

Proposition 2.41 Fix B > 0. Let {E,^'^) be a flat \-connection. Let h be a hermitian metric of E such 
that sup| At^G'(/i, D^) 1^ < B. Let {E,IS)'^,h) be analytically stable with respect to uj. Then, there exist positive 
constants Ci (i = 1, 2) with the following property: 

• Let s be any self-adjoint endomorphism satisfying ||sj|p^/i < oo, tr(s) = and sup|A[^G(ft- • e*,D'^)| < B. 
Then, the following inequality holds: 

sup|sU <Ci + C2 ■M{h,he') 

X 



(Sketch of the proof) The excellent argument given in [3S] works in the case of A-connection without any 
essential change. Since we would like to use some minor variants of the proposition (Subsections 12. 4. 5^2. 4. 6p . 
we recall an outline of the proof for the convenience of the reader. To begin with, we remark that we have only 
to show the following inequality due to Corollarv l2.40l 

snp\s\h < C( +C2 •max{0,M(/i,/ie")}, 

X 

As is noticed in Subsection 12.2. 5[ the inequality A;^logtr(e^) < |AG(/i)|^ + | AG'(/ie^) |^^^ < 2B holds. Hence, 
there exist some constants Ci {i — 3,4) such that the inequality logtr(e*) < C3 + C4 • /logtr(e*) holds for any 
s as above, due to Condition 12.301 Since we have + Cq ■ \s\h < logtre^ < C7 + Cg • |s|?j for some positive 
constants Ci {i = 5, 6, 7, 8), there exist some constants d {i = 9, 10) such that the following holds for any s as 
above: 

sup|sU <C9 + Cio- f\s\h. (28) 



Assume that the claim of the proposition does not hold, and we will derive a contradiction. Under the 
assumption, either one of the following occurs: 

Case 1. There exists a sequence {si E ViSt) \ i — 1,2, ■ ■ ■ ,} such that sup \si\h — ^ 00 and M{h, /le**) < 0. 
Case 2. There exist sequences {si e 'P{Sh)} and {C2,i G R} with the following properties: 

sup \si\ — > 00, C2,,; — > 00, {i — > 00) 

X 

M{h,he'') > 0, supls^l,, > C2,^M{h,he'') 

In both cases, we have ||si||Li — > 00 due to We put li WsiW^i and Ui := Sijli. Clearly we have 

II'^iIIli — ^ii'i uniform boundedness sup^^- \ui\ < C due to ((28| . In the following, let E^{Sh) (resp. L\{Sh)) 
denote the space of L^-sections (resp. L^-sections) of Sh- The following lemma is one of the keys in the proof 
of Proposition l2.41l 

Lemma 2.42 After going to an appropriate subsequence, {ui} weakly converges to some Uqo 7^ m L\{Sh)- 
Moreover, we have the following inequality, for any C°° -function <f> : i2 x i? — > R>q such that ^{yi,y2) ^ 
(2/1 - 2/2)"^ for yi > 2/2 •■ 



-1 / tr{u^A^G{h)) + /^($(uoo)©^Uoo,O^Uoo)^^ < 0. 



Proof By considering <I> — e for any small positive number e, we have only to consider the case $(2/1,1/2) < 
(2/1 ~ 2/2)"^ for yi > y2- In the both cases, we have the inequalities for some positive constant C, from the 
formula (^5)) : 

C 



C2 



e,V^ / tr(u,A„G(/i,D^)) / {^{e,u^)B^u^,B^u^)f^ < I 



X 



20 



(In the case 1, we take any sequence {C2,i} such that C2,,; — » 00). Let $ be as above. Due to the uniform 
boundedness of Ui, we may assume that $ has the compact support. Then, if £ is sufficiently large, we have 
^(Ai, A2) < £^{iXi,iX2)- Therefore, we obtain the following inequality: 



^ tr(u,A^G(/i,©^)) + / ($(M,)BV,I^)^u^),,.^ < 



C 

X JX (^'2,i 

Since supj^ \ui\ is bounded independently of i, there exists a function $ as above which satisfies = c • id, 

moreover, for some small positive number c > 0. Therefore, we obtain the boundedness of {ui} in L^. By 
taking an appropriate subsequence, {ui} is weakly convergent in L^. Let Uqo denote the weak limit. Let Z be 
any compact subset of X. Then, {ui} is convergent to Uoc on Z in L^, and hence \ui\ |moo|- Since 

sup|ui| are uniformly bounded, we obtain |uoo| 7^ 0, if the volume of X — Z is sufficiently small. Thus, 
Moo 7^ 0. Similarly, we can show the convergence / tr(ujAG'(/i, D'^)) — > / tr(uoo AG(/i, D'^)) . Since {ui} are 
weakly convergent to Uao in Lf, we have the almost everywhere convergence of {ui} and {D^Wi} to Mqo and 
D'^Uoo respectively. Therefore, the sequence {<f>(ui)D^Uj} converges to $(woo)II'^Moo almost everywhere. Hence, 
we have 

J ($(uoo)B^Uoo,D^Uoo)^,^ < lim J {^u,)B\„B\,) 

due to Fatou's lemma. Thus, we obtain the desired inequality, and the proof of Lemma [2.421 is finished. I 

We reproduce the rest of the excellent argument given in [36] just for the completeness. We do not use it in 
the later argument. The point is that we can derive a contradiction from the existence of the non-trivial section 
Moo as in Lemma [2.421 

Lemma 2.43 The eigenvalues of Uoo are constant, and itoo has at least two distinct eigenvalues. 

Proof To show the constantness of the eigenvalues, we have only to show the constantness of tr((p(uoo)) for 
any C°°-function ip : R — > R. We have {d + Xd) tnp{u^) = tr(B^i^(uoo)) = tr(di^(uoo)]D)^Uoo) • Let N 
be any large number. We can take a C°°-function $ : i? x i? — > R such that $(yi,?/i) = dip{yi,yi) and 
^^*^(yi,2/2) < (yi - y2)~^ for yi > y2- We obtain ir{d^ {uo^) {O^Uoo)) = tr($(Moo)]D'^itoo) due to the first 
condition. We obtain the following inequality from Lemma [2.42l 

tr(uooAG(/i)). 



X ~ N 

Therefore, A9) tr 1^9(^00) | ^2 = 0- Thus, the eigenvalues of Uoo are constant. Since tr(uoo) = and Uoo 7^ 0, 
Uoo has at least two distinct eigenvalues. I 

Let Ki < K2 < ■ ■ ■ < Kw denote the constant distinct eigenvalues of Uqo- Then, (/5(uoo) and <i>(uoo) depend 
only on the values ip{Ki) and ip{Ki,Kj) respectively. 

Lemma 2.44 Let <i> : R^ — > R be a C'°° -function such that ^{Kt,Kj) — for Ki > Kj. Then, <i>(Moo)(D'^Uoo) = 
0. 

Proof We may replace $ with $1 satisfying ^i{Ki,Kj) = for Ki > kj and iV$^(i/i,y2) < (j/i — for 
yi > 2/2- Then, we obtain ||<&i(woo)ID)'^Uoo||^2 ^ C/N due to Lemma [2.421 and hence we obtain <i>(Moo)D^Uoo = 

4'l(Uoo)ID)^Uoo = 0. I 

Let ji denote the open interval ]Ki,Ki^i[. Let : R — > [0, 1] be any decreasing G°°-function such that 
p-y{Ki) — 1 and Pj{Ki+i) = 0. We put tt-^ = ^7(^00)- It is easy to see that tt^ is L\. Due to — P-y, we have 
TT^ — TTj. We have D'^Tr-y ~ dp{uoo)^^Uoo- We put $7(^1, 1/2) — (1 ~ P'y){y2) ■ dpj{yi,y2), and then we have 
(1 — TT-y) o D'^'Tr^, = <I>7(uoo) o U'^Uoo- On the other hand, since we have $7(^2, Kj) = (k^ > Kj), we obtain 
^'y{uoo)^'^Uoc — due to LemmaHHH Therefore, we obtain (1 — tt^) o D'*'7r7 = 0. 

From {l — 7Ty)d"7T^ = 0, we obtain a saturated coherent subsheaf such that tt^ is the orthogonal projection 
on due to the result of Uhlenbeck-Yau [45]. From (1 — TT~^)d'Tr-f = 0, the bundle is D'^-invariant. Since 
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we consider the case A 7^0, it is easy to see that Vy is indeed a subbundle of E. Namely, we obtain the A-fiat 
subbundle (Ky,B^^) C {E,B^). 

Let us show deg^iV^, h^) / rankV^ > deg^(i?, ft,)/ rank i? for some 7, which contradicts the stabihty assump- 
tion of {E,D^, h), where :— h^y^. From Lemma [2.311 we have 

deg{V,) = ^YTW I ''^""^^^^^^ ' J 1'°''^^'') ■ 

We have Uoo — ■ ids — "'7' where I7I denotes the length of 7. We put 

W = K^degiE) -Y^hl- degiVy) - ^^TW / ^'■("-^^(^)) + / E 1^1 ' ■ 

Since I])^7Ty ~ dp ^{u 00)^^ u^o, we have 

We can check '^\^\{dp-^){Ki, KjY = {i^i — for > kj by a direct argument. Therefore, we obtain 

W < 0, due to Lemma [2.421 Namely we obtain k^, • degE' < 111 ' deg(l^). On the other hand, we have 
= tr(uoo) = Ku, -ranki? — ^ I7I -rankl^. Therefore, we obtain deg{Vj)/ rank^^ > deg(£^)/ rank£^ for at least 
one of 7, which contradicts with the stability of {E, D^, /i). Thus, the proof of Proposition 12.411 is finished. I 

2.4.5 Variant 1 of Proposition [2.411 

Let C be a smooth projective curve, and 13 be a simple divisor. Let {E, D^, F) be a A-flat bundle on (C, D). Let 
77 be a sufficiently small positive number such that 10 • ry < gap(i?, F). Let eo be a sufficiently smaller number 
than ry, for example 10rank(i<^)eo < r?. Let oj^ {0 < e < eo) be a Kahler metric of C — with the following 
conditions: 

• Let P ^ D. Let {U,z) be a holomorphic coordinate around P such that z{P) = 0. Then, the following 
holds for some positive constants Ci (i = 1, 2): 

• We — > i-iJQ for e in the C°°-sense locally on C — D. 

Let F*-'^-' be an e-perturbation of F. See Subsection 12.1.61 for the notion of e-perturbation. We discuss the 
surface case there, but it can be applied in the curve case. Suppose that we are given hermitian metrics h^*^^ for 
(iJ, i^*-'^-*) with the following properties: 

• D'^)|^(j) < Ci, where the constant Ci is independent of e. 

• {ft'-^-'} converges to ft^"^ for e ^ in the C°°-sense locally on C — Z3. 

Lemma 2.45 Let s^'^^ be self-adjoint endomorphisms of (i?, /i*-'^-') satisfying trs*-*^^ — and the following prop- 
erties: 

• ll'5'"'^''llp/i<«) ^ '^^ '^''^ assume the uniform boundedness. 

• I Ajj^G(ft.'-'^-'e''' ',D''*)|^(^j < Ci- The constant Ci is independent of e. 

Then, there exist constants Ci {i — 3,4), which are independent of e, with the following property: 
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(Sketch of a proof) The argument is essentially same as the proof of Proposition 12.411 We assume that the 
claim does not hold, and we will derive a contradiction. After going to an appropriate subsequence, either one 
of the following holds: 

Case 1. Af(/i(^),/i(^)e^*'') < and sup^.^, |s(<^)|^(.) — > oo for e 0. 

Case 2. M {h(^\ h(^'> e"'^'^ ) > 0, sup|s('^)| > C^'^M(/i(<^), /i(<^)e"*''), sup^^r, [s^'^ |^(,) — > oo and C^'^ — > oo for 
e-^ 0. 

By using Lemma 12.471 (given below) and the argument given in the first part of Proposition 12.411 we can 
show that there exist positive constants Ci {i = 5,6), which are independent of e, with the following property: 



sup < +C6 • / Is^^'Imo dvoL 

C~D J 



C- 

We put ^^^'^ := ||s''^)||ii and u''^-' := s'-'^^ / The following lemma is the counterpart of Lemma [2.421 

Lemma 2.46 We have a non-trivial L\-section Uoc of Sf^{o) with the following property: 

• The following inequality holds for any -function $ : i? x i? — > i?> q such that 1/2) < {ui ~ V2)^^ 

for yi > y2 : 

tr(uooA^„G(/i(°))) dvoU + / ($(?ioc)©^woo, ©^uco)^,o,.^„ dvoU < 0. 



C-D JC-D 

Proof The argument is essentially same as the proof of Lemma 12.421 We have the following for some positive 
constant C5: 

/ tr(u(^)A^,G(/i(^)))dvoU + / ($(u(^))©^u('',B^uW),^,,, ^ dvoL, < 

Jc-D Jc-D ' C2 

(In the case 1, we take any sequence {C;^"-*} such that c'^^ — > 00.) From this, we obtain the following 
boundedness as in the proof of Lcmma r2.42l 



C-D 



V^^l' dvoU <Cio. 



Let us take a sequence of C°° -isometrics : [E^ h'^'^^) — > [E, ft,'^"^) which converges to the identity of E, in 
the C°°-sense locally on C — D. Remark that the sequence {Fe(D'^)} converges to ID''' for e ^ in the C°°-sense 
locally on C — D. The sequence {F^{u'^'^'>)} is bounded on L\ locally on C — D. By going to an appropriate 
subsequence, we may assume that the sequence {it^'^-'} is weakly convergent in L\ locally on C — £>, and hence 
it is convergent in on any compact subset Z G C ~ D. Let Uoo denote the weak limit. We have Iw^^-*! — > 
Jz \uoo\- Hence |uoo| 7^ 0, when the volume of C — Z U I? is sufficiently small, due to the boundedness of 
{sup|u(''^| I e > 0}. In particular, Uoc ^ 0. Similarly, we obtain J^,_^tT{u'^^^G{h^''^)) — > /(^_^ tr(uooG(/i(°))). 

Since we can derive the almost everywhere convergence ^{u^'^'>)B)'^u^'^^ — > $(?ioo)ID''^Uoo and u^'^^ — > Uqo, we 
obtain J^_^{<^{u^)B^Uoo,^^u^) < lim/p_^($('u("))I])^'u("),D^u(<^)) due to Fatou's lemma. Thus, the proof 
of Lemma 12.461 is finished. I 

The rest of the proof of Lemma [2.451 is completely same as the argument for Proposition l2.41l I 

We have used the following lemma in the proof. 

Lemma 2.47 For any positive number B, there exist positive constants Ci {i = 1,2) with the following property: 

• Let e be any positive number such that e < 1/2. Let f be any non-negative bounded C°° -function on C — D 
such that Aj^^/ < B. Then, the inequality sup(/) < Gi + C2 / / ■ dvol^^ holds. 
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Proof Let {Up,z) be as above for P e D, and Up := Up — {z = 0}. On Up, the inequality A^^f < B is 
equivalent to the following: 



A.o/<i?-(^^^ + ^^^). (29) 



2c 



Here, go :— dz ■ dz. Because of the boundedness of /, holds on Up. (See the proof of Proposition 2.2 of 
|36j.) Then, we obtain the following inequality on Up: 

For any point Q E A(P, 1/2), we have the following: 

{f-B-4>){Q)<- I (/ - B • 0) • dvol,„ . 

7^ JA(Q,1/2) 

Therefore, there exist some constants C; (i — 3,4) which are independent of e, such that the following holds: 

/(Q) <C3 + C\ f f- dvoL. . 



Thus, we obtain the upper bound of f{Q), when Q is close to a point of D. We can obtain such an estimate 
when Q is far from D, similarly and more easily. I 



2.4.6 Variant 2 of Proposition 12.411 

We will use another variant. Let tt : C — > A be a holomorphic family of smooth projective curves. Let V C C 
be a relative divisor. Let {E,I])^,F) be a logarithmic parabolic A-flat bundle on (C,2?). We denote the fiber 
7r-i(i) by Ct for t € A. The restriction {E,B)^,F)\c, is denoted by {Et,lD)^ , Ft). Let w be a metric of the 
relative tangent bundle of C/A such that ui ^ rf'\z\'^'^~'^ dz ■ dz around V. Here, 77 denotes a small positive 
number such that 10rank(i?) • < gap(-E, F), and z is holomorphic function such that z~^(0) — V and dz ^ 0. 
The restriction Wjc^ is denoted by LOt for t € A. Let /i be a C°°-hermitian metric of E adapted to F such that 
I A^jG(D^, /it) < Ci for any i g A, where a constant Ci is independent oft, and ht denotes the restriction 
h\Ct- "The following lemma can be shown by an argument similar to the proof of Lemma 12.471 

Lemma 2.48 There exist positive constants Ci {i = 3,4), which are independent oft, with the following 
property. 

• Let s(*) be an element of ThSEf) satisfying trs^*) = 0, |ls(*)||,ij_p < 00 and |A„jG'(]D)^, ft,te^'*')| < Ci. 
Then, the inequality sup |s^*^| < C3 + C4 • M{ht, hte^'^ ') holds. I 



2.5 Regular filtered A-flat bundles associated to tame harmonic bundles 
2.5.1 Tame pluri- harmonic metric 

Let X be a complex manifold with a simple normal crossing divisor D. Let (£',0'^) be a A-flat bundle on 
X ~ D. Let ft, be a pluri-harmonic metric of {E,D^). Then, we have the induced Higgs bundle {E,dh,dh). 
Recall the tameness of pluri-harmonic metric. Let P be any point of X, and let ([/p, zi, . . . , z„) be a holomorphic 
coordinate around P such that D OUp = Ui=i{^i = 0}- Then, we have the expression: 

/ fi ^ 

i=l * + l 

The pluri-harmonic metric h is called tame, if the coefficients of the characteristic polynomials det{t — fi) and 
det{t — gj) are holomorphic on Up for any P. A A-fiat bundle with tame pluri-harmonic metric is called a tame 
harmonic bundle. Recall that the curve test for tameness is valid. 
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Proposition 2.49 (Corollary 8.7 of [30]) A pluri-harmonic metric h for (£',B'*') is tame, if and only if h\c 
is tame for any closed curve C C X transversal with D. I 

From a holomorphic vector bundle E with a hermitian metric h, we obtain the filtered sheaf E^{h) := 
(^cE I c G i?'^) as explained in Subsection 3.5 of [31]. We recall the following proposition. 

Proposition 2.50 (Theorem 8.58, Theorem 8.59 and Corollary 8.89 of [30j) Let {E,'D^,h) be a tame 
harmonic bundle on X — D. Then, D-^) is a regular filtered X-flat bundle. I 

2.5.2 One dimensional case 

In the one dimensional case, Simpson established the Kobayashi-Hitchin correspondence for parabolic flat bun- 
dles and the parabolic Higgs bundles, i.e., A-flat bundles in the case A = 0, 1. His result can be generahzed for 
any A. 

Proposition 2.51 (Simpson, [3T|) Let X be a smooth projective curve, and D be a simple divisor of X . Let 
(£J*,D^) be a regular filtered X-flat bundle on {X,D). We put E = cE\x-d- The following conditions are 
equivalent: 

• {Ei,^n^) is poly-stable with par-deg(£^*) = 0. 

• There exists a harmonic metric h of {E,D^), which is adapted to the parabolic structure of E^, i.e., 
E^ — E^{h). 

Moreover, such a metric is unique up to obvious ambiguity. Namely, let hi (i = 1,2) be two harmonic metrics 
as above. Then, we have the decomposition of Higgs bundles {E,D'^) ~ ^(i?a,D^) satisfying the following: 

• The decomposition is orthogonal with respect to both of hi . 

• The restrictions of hi to Ea are denoted by hi^a- Then, there exist positive numbers ba such that hi^a — 
ba-h2,a- I 

2.5.3 The projective case 

Let X be a smooth projective variety with an ample line bundle L, and let Z? be a simple normal crossing 
divisor of X with the irreducible decomposition D = Uies^*- ^'^^ {E,^''^,h) be a tame harmonic bundle on 
X ^D. 

Proposition 2.52 Let (E^,,3'^) be as above. 

• {E^,,3^) is ^L-polystable with par-deg^(£?,) ~ 0. 

• Let (E^,!])'^) = ^^ (iJj D^) (g) be the canonical decomposition of ^L-poly stable regular filtered X-flat 
bundle. Then, we have the corresponding decomposition of the metric h ^ ^ hi <S) gi, where hi denote 
pluri-harmonic metrics of {Ei,Ilif ) adapted to the parabolic structure, and gi denote metrics of C^^^\ 

• We have the vanishings of characteristic numbers: 



/ par-ch2_i(£;*) = / par-c?_i(i;*) = 0. 
Jx Jx 



Proof The first two claims can be shown by the same argument as the proof of Proposition 5.1 of [3T]. The 
third claim can be shown by an argument similar to the proof of Proposition 5.3 of [31j . which we explain 
briefly. We have only to consider the case dimX = 2. Since h is pluri-harmonic, we have the equalities 
tr R{d", h) = {1 + \X\^)-Hr G{h, D^) = and tr{R{d", hf) = (1 | Ap)-^ . tr(G(/i, D^)^) = 0, due to Lemma 
12.281 and Lemma [2.291 on X — D. We also have the norm estimate for the holomorphic sections of cE. (It is 
explained in Subsection 2.5 of [3T] for A = 0. Similar claims hold for any A, as shown in Subsection 13.3 of [30 .) 
Then, the same argument as the proof of Proposition 5.3 works. I 
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Proposition 2.53 Let {E^,Ii^) he a regular filtered X-flat bundle. We put {E,B^) := {E^,B^)ix-D- Let ha 
(a = 1, 2) be pluri- harmonic metrics of {E, D^) on X — D which is adapted to the parabolic structure. Then, we 
have the decomposition {E,]D>'^) — ^{Ei,^^) with the following properties: 

• The decomposition is orthogonal with respect to both of ha (a — 1,2). Hence, we have the decomposition 

ha = ®i ha,i. 

• There exist positive numbers bi such that hi^i — bi ■ /i2,i. 

The decomposition on X — D is prolonged to the decomposition {E^^O^) — ^(£Ji*,D'^) on X. 

Proof Similar to Proposition 5.2 of [31]. I 



2.6 Some integral for non-flat A-connection on a curve 



Let F be a smooth projective curve, and let _D be a divisor. Let {E,F) be a parabolic bundle on {Y,D). Let 

be a C°° A-connection on E^y-d- In this subsection, we do not assume D''' is flat, i.e., (D'^)^ may not be 
0. But, it is assumed to be flat around an appropriate neighbourhood Up of each P G D, and {E, F,'S])^)\Up 
is a parabolic A-flat bundle. In particular, we have Resp(D^) G End(£^|p). We assume that it is graded 
semisimple, for simplicity, i.e., the induced endomorphism on Gr^(_B|p) is semisimple for each P Cz D. (By 
using e-perturbation in Subsection 12 . 1 . 6l we can drop the condition.) 

For each P g 13, we have the generalized eigen decomposition E^p ^^Eq of Resp(B'*'). We also have 
the filtration ^F of E^p. Let us take a holomorphic frame v of E^jj^, which is compatible with (^E, ^F). We 
put a{vi) := deg^{vi) and a{vi) := deg^{vi). Let h he a, C°°-metric of E\y-d such that h{vi,Vj) — jzl^^"'"*) 
{i = j) and {i j). Let us decompose = d" + d'. Let us take a (1, 0)-operator dp such that d" + d^ is 
C°° A-connection of E on Y, not only on Y — D. We also assume d'^v — 0. We put A := d' — dp, which is a 
C°°-section of End(i?) ® fl^'^{logD) on Y, and holomorphic around D. We have trResp(^) = trResp(D'^). 

Let ho be a C°°-metric of _E on F such that ho{vi,Vj) is 1 (z = j) or (i 7^ j) on Up {P G D). Let s be the en- 
domorphism determined hy h — ho-s. Then, s is described by the diagonal matrix diag(|z|~^°'^"i \ . . . , 
with respect to the frame v on Up. 

Although D'^ is not necessarily flat, we obtain the operators S'/^, (5^', dh, dh, Oh and O]^ as in Subsection l2.2.1l 
We put wt(ii;, F, P) := Y.aeVari.E,P) « ■ '■ank(^ Grf (i?)) . 

Lemma 2.54 We have the following formula: 

J atre'= Y-f^j^^(A-i •trRcsplD)-^+wt(£;,F,P)y (30) 



2tt 



Proof Let S'j^^^ denote the (1, 0)-operator obtained from d" and ho as in Subsection l2.2.1l Then, we have 

We would like to apply the Stokes formula to the integral of dtr 6h. If we do so, d'g — XS'j^^^ does not contribute, 
because it is the C°°-section of End(_E) (g) We have 



2tt 



^ [ 9tr(A) = VtrRcsp] 
Jy 



p 

Since s~^5'y^^s is described by diag(— a(?Ji), . . . , — a(u, )) -dz/z with respect to v on Up [P G D), we have 

J — Y /• rank E 

p i=i p 
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Therefore, we obtain the following formula: 



-1 1 



27r A 



■ / atr6',, = ^(^A^^rRespB^ +wt(£;,F,P) 



Thus, we obtain 



(31) 
I 



3 Ordinary metric and some consequences 

We give a construction of an ordinary metric for a graded semisimple parabolic A-flat bundle on a surface 
satisfying SPW-condition, and we give the estimate for the pseudo curvature. Then, we obtain the existence 
result of Hermitian-Einstein metric if such a parabolic A-flat bundle is stable. 

3.1 Around the intersection of the divisor 
3.1.1 Some estimates 

We put X :— Al, Di := {z; = 0}, and D DiU Z?2- Let (£?*,D'^) be a graded semisimple regular filtered 
A-flat bundle on (X, D). Let c — (ci, C2) G -R^ such that q ^ Varl^E^, i). We assume the following: 

(SPW) We have a positive integer m and % ^ R with — 1/m < 7i < 0, such that Var(^(.E^,, i) is contained in 
{ci + + p/m\p £ Z, —1 < 7i +p/m < 0}. (The condition —1/m < 7^ < is not essential.) 

We put X := A^, Di := {Q = 0} and D = DiU D2- Let ip : X — > X be the ramified covering given by 
'^(CijC2) = (Ci^iC™)- Let Gal{X / X) denote the Galois group oi X/X. Recall the construction in 15j. For any 
a £ R^, let aE denote the subsheaf of E := (p*{E) given as follows: 

n-\-md<a i— 1,2 

Then, it is easy to see that E^, ~ (^aE | a G i2^) is a filtered bundle, and the induced flat A-connection D'^ is 
regular. We put Ci := m ■ {ji + Ci). By the assumption, we have Vari^E^^i) = {p + Ci\p gZ}. 

We have the generalized eigen decompositions cE^jj. = 0*Eq with respect to ReSi(ID)'*'). We have the 
parabolic flltration *F of cE. Let i> be a frame of ^E compatible with and {i = 1, 2). We put as follows: 

ai{vj) := "-deg^ivj) - {a -f 7i) G ^ • Z<o 

Let ai{vj) G C denote the complex number determined by Vj\]j. G *Eq,.(„^). We put Vj := f* {vj)-Y[i=i 2 (^""'^"^^ 
Then, v = {vj) gives the frame of ^E. We put Pi{vj) := m(A • ai{vj) + ai{vj)). Let F be the diagonal matrix 
whose (j, j)-entry is J2i=i 2 A(^'i) ' dQ/Ci- Let A be determined by Bi^v = v ■ A, and let Aq ■= A — F. In the 
following, let Fr G End(Hi?) ® f]i(log5) be determined by Fy{v) = v • F. We put := - Ft. 
Let ^0 — 2 ^0 ' dC,i. If m is sufficiently large, we may assume the following: 

(A): AJ, = 0{Q). Moreover, (^J),- ^ = 0(C? • Cl) in the case ^^{v,) ^ (i^ivk), and (A^),- ^ = 0[Ci ■ C|) in the 
case li\{vj) ^ f3i{vk). 

Let h be the hermitian metric of ^E determined by h{vi,Vj) — Si,j ■ |Ci|~^'^^ ' ^21^^"^^- 

Let 9 (resp. 6*0) be the section of End(i?) ^fl^ on X — D induced by h and D"^ (resp. Dq) as in Subsection 
12.2.11 Let 6*^ and 9q denote the adjoint of 6 and 9o, respectively. Let g denote the Euclidean metric of X. 

Lemma 3.1 

• [9, 0t] is bounded with respect to h and g. 
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• (P' = 0(z\ ■ Z2) ■ dzi ■ dz2. 

Proof We have the relations 9 ^ 1)^ + {\ + \\\'^)-^Ft and 9^ = ?J + (1 + \\\'^)-^fI. Hence, we have the 

following: _ _ _ _ 

[9, 9^] = [00, el] + (1 + lAp)-! [00, i^iJ] + (1 + lAp)-! [0j, Fr] (32) 

We have the decomposition of 0o into the sum A(l + |Ap)~^ X^^i ■ d(^i/Ci + ^0, where 9q is the C°°-section of 
End(2i^) (g) on X. Hence, [9o,9l] is the C°°-section of End{^E) (g) fi^ on X. By Condition (A), [^o,^^] 

and [Fr,0j] is also bounded. We have 9^ = 9^ + 2[0o,^r]- Then, we obtain the desired estimate for 9"^ by 
Condition (A). I 

Lemma 3.2 We have the boundedness of G{3^ , h) and 9^ ■ 0^ with respect to h and g. 

Proof The boundedness of 9^ ■ 0t follows from the estimate for 9^. We have the following equality (See 
Subsection 1^:^ : 

G{0\h) = (1 + lA^ • R{h, d") ii±ffi!(a| + 9^- X[9, 0t] ) 



We have the vanishing of the curvature R{h, d") = 0, and the relation X^^dj^ ~ A {9^)^ . Hence, we obtain the 
boundedness of G(B'^,/i) from Lemma [XT] I 

Since h is Gal(X/X)-equivariant, we obtain the induced metric /i of on X — I?. Clearly, h is given by 
h{v„Vj) = (5,j • Izil-^al".) . |z2|-2'^(''^). Let 9 be the section of End(i;) « on X - D induced by and h, 
and let 9^ denote the adjoint of 9. Let g,n denote the metric of X ~ D given hy = • dzi ■ dzi. 

Corollary 3.3 We have the boundedness ofG{B^,h) and 9^ ■ 9'^ with respect to gm and h. I 
3.1.2 The induced metric and the A-connection on the divisors 

For simplicity, we assume q = 7; = (i = 1,2) in this subsection. Let (a, a) e /CA^iS(*£', i). Let p be a 
C°°-function on X such that p > 0. We put x ■— P ■ l^iP- Let D° := - {Di n 02). We discuss the induced 
hermitian metric and the induced A-connection of * Grf'^(^£')p„ (i = 1, 2), depending on the choice of p. Let 

us consider the case i = 1. Let Uj (j = 1, 2) be sections of ^ Grf'j^(*£^). We take sections u'j (j = 1, 2) of 
which induce Uj. Then, it can be shown that ' ^o(w'i, U2)) |£)o is independent of the choice of u'j, which is 
denoted by ha,aiui,U2)- 

We have the frame i'(a.a) induced by v above. By construction, ha,a{vi,Vj) — p"- ■ 5ij ■ |z2|~^'^^''"'''. Hence, 
the following equality can be checked by a direct calculation: 



trRiha.o) - a ■ rank Gr„'^(*i;) • 991ogp = (33) 

Let Fq denote the C°°-section of End(^_E) ® VL^^{\ogD) determined by Fa{vj) — vj ■ ai(fj) • 91ogx. Then, 
D'^ — Fq is C°° around DI, whose restriction preserves the filtration ^F and the decomposition ^E. Hence, we 
obtain the induced A-connection „ of ^ ^^(a a)(^^)- have 9a,a induced by ^ and /ia,Q- 

Lemma 3.4 The following holds: 

dtr 9a,a + rank(i Gt^-^CE)) -ddlogp^O (34) 

Proof Let ©a a 1 Oa,a,i dcuote the operator, and let /ia,a,i denote the metric in the case where p is 
constantly 1. Since 9a. a,i is holomorphic, we have dti9a.a.i = 0. Note that we have ^ = a 1 — a • dlogp 
and ha,a — ^a,a,i ' Then, we obtain 9a,a,i — da,a + (1 + |'^P)^^('^ ■ a + a) ■ dlogp. Thus, we obtain I 
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3.2 Around the smooth part of the divisor 
3.2.1 Construction of the metric and some estimates 

Let X — and D = {zi = 0}. Let p be a positive C°°-function on X, and we put X'-— P ' kiP- Let (£J»,1D)^) 
be a graded semisimple regular filtered A-flat bundle on {X, D) with rational weights. We take c G R such that 
c ^ Var{Ef:). We assume the following: 

(SPW) We have a positive integer m and 7 e with — 1/m < 7 < such that Vari^cE^^ is contained in 
{c + 7 + p/m |peZ, — l<7+p/m<0}. 

Let X A2 and D = {d = 0}. Let : X — > X be given by (/^(Ci, C2) = (Cr. C2)- We have the induced 
filtered A-fiat bundle on {X,D) as in Subsection I3.f .11 We put c := to • (c + 7). Then, Var{cE*) is 

contained in {c + p | p G Z}. 

We have the generalized eigen decomposition cE\£, = 0Eq. We have the filtration F of cE\d- Let t; be a 
frame of cE compatible with F and E. We put a(?;j) :— deg^ {vj) — (c + 7). Let a{vj) G C be determined by 

e Eq(„ ). We put := 'P*{vj) ■ Ci Then, v — (vj) gives the frame of ^E- Let T be the diagonal 

matrix whose (j, j)-entry is given by the following: 

a{vj) ■ d\og{ip*x) + A • TO • a{vj) ■ ^ 

Let A be determined by li^v ^v-A, and let ^0 := A - P. Let Fr be the C°°-section of End(i?) (g) Jl^ on X -D, 
determined by Frv = vT. We put Dq := D — i^r- 

Let ^0 = ^0 • d(^i + ^0 ■ '^C2- If is sufficiently large, the following holds: 

(A) Al = 0{\Ci\^). Moreover, (ADkj -0(|CiH in the case {aivk), a{vk)) ^ (a^), "(«/))■ 

Let hi be the Gal(X/X)-equivariant hermitian metric of such that hi{vi,Vj) = 0(|CiP) in the case 
{a{v^),a{vi)) ^ (a{vj),a{vj)). Then, let h := ip* {x~''~'') - hi- 

Let 9 (resp. 6*0) be the section of End(i?) ® il^ on X — D induced by h and D"^ (resp. Dq) as in Subsection 
12.2.11 Let 6^ and 9q denote the adjoint of 6 and 6*0, respectively. Let g denote the Euclidean metric of X. 

Lemma 3.5 

• [6, 0^] is bounded with respect to h and g. 

• = 0{\zi\) -dzi ■dZ2. 

Proof Similar to Lemma [3Tl I 
Lemma 3.6 We have the boundedness of G(B^, h) and 9^ ■ 9^ with respect to h and g. 

Proof It follows from Lemma [3?5] See the proof of Lemma [3?2l I 

We have the induced hermitian metric h oi E on X ~ D. It is adapted to the parabolic structure of E. Let 
9 denote the section of End(£') (g) i^x-_D induced by h and D"^, and let 0^ denote the adjoint. Let gm denote the 
metric of X — D given by 5„j — • dzi ■ dzi + dz2 ■ dz2- 

Corollary 3.7 We have the boundedness o/G(D^,/i) and 9^ ■ 9^ with respect to h and gm- I 
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3.2.2 The induced metric and the A-connections 

For simplicity, we assume c = 7 = in tliis subsection. Let {a, a) £ K-MSC^E^). We discuss the induced 
hermitian metric and the induced A-conncction of Gt^'^{^E). Let Uj (j — 1,2) be sections of Grf'^(*i?). We 
take sections u'j (j = 1, 2) of which induce Uj. Then, it can be shown that (x" • ^o(w'i, M2)) |^ is independent 
of the choice of u'p which is denoted by ha^a{ui, ^2)- 

On the other hand, let Ua^a be the subbundle of generated by Vj such that {a{vj), a{vj)') — (a, a). It is 
easy to see that the restriction are independent of the choice of the frame v, and ^^j^ are orthogonal 

with respect to h,^. The induced metric of J7 1?, is denoted by h'. 

Lemma 3.8 Let R{ha.a) o.^d R{h'^ ^) denote the curvatures of (Gt^'^{E), ha.a) md {U^ ^^j=), h'^ ^) . Then, we 
have the following relation: 

tr(^(^U)) = tr(i?(/i,,„)) - a ■ rank Grf;f (£;) • 99 log p (35) 

Proof We take the isomorphism $ : Gt^'^{E) ~ given as follows. Let v he a section of Gr^'^(£^). Let 

v' be a section of "^E which induces v. Then, ^{v) :— (^ip*{v') • z^"'") is contained in and independent 

of the choice of v'. Under the isomorphism, we have h'^ ^ — ha.a ■ p "^- Then, p5|) follows. I 



We have the induced A-connection, once we fix x- (See [2].) Let / be any section of Grf'^(i?). Let / be a 
lift of / to We put D'*'/- a-logx- / Gi • (c?2i/zi) + G2 • d2;2- Then, Gi|£, is contained in F<Q(i?). Hence, 
G2 ■ dz2 induces the well defined section of Gr^'^(i?) ® flj^, which is Da_ct(/). We have the induced section 9a,a 
ofEnd{Gr^:^{E))^n],. 



tr(-R(/»a,a)) = T d tr Oa^a + . . |.|2 ^auk Gr„;„ {E) (36) 



Lemma 3.9 We have the following relation 

A ' 1 + |A 

Proof We have the relation: 

R{h) ^ -'-±^d"~e^ -i±l^ [d% + YTW'"^') ^''^ 

Let D;^' be the induced A-connection of ?7 , p.- Let 0' „ be the section of End(?7 , n) (E) ~ induced by D^' 
and h'g^ ^. Then, we obtain the following equaUty from ([57]) : 

tr(i?«J) =-m^ (^9tr0l,„ + ^^^.a.a91ogp.rankGrr;;^(i?)) (38) 

Under the isomorphism $ in the proof of Lemma [3.81 we have the D^'^ = Because oi h'^ ^ — ha,a ■ P^", 

we have 9'^^ = 9a,a + aA(l + |Ap)^^91ogp. Therefore, the right hand side of (l38|) is the same as (f36|) . I 



3.3 An ordinary metric 
3.3.1 Setting 

Let X be a smooth projective surface, and let 13 be a simple normal crossing divisor with the irreducible 
decomposition D = [J_^^g Di. Let L be an ample line bundle on X, and be a Kahler form which represents 
Ci{L). We take a hermitian metric g,j of 0{Di). The canonical section O — > 0{Di) is denoted by ct;. 

Let e be any number such that < e < 1/2. Let us fix a sufficiently large number TV, for example N > 10. 
We put as follows, for some positive number G > 0: 

+ ^ G • • V^dd\a,\l':. (39) 

i 

It can be shown that cu^ are Kahler metrics of X — D for any 0<e<l/2, ifGis sufficiently small. 
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Remark 3.10 The factor is added for our later discussion fSubsection \5.1]) . I 

Remark 3.11 Let t be a closed 2- form on X ~ D which is bounded with respect to u^. Then, the following 
formula holds: 



LJ ■ T = I We 
X-D Jx-D 



In particular, we also have Jy_^cj^ = J-^ j^uj^. I 

In the case e — l/m for some positive integer to, it can be shown that the metric tOc satisfies Condition l2.30l 
The Kahler forms tj^ behave as follows around any point of D, which is clear from the construction: 

• Let P be any point of DiHDj, and {Up, Zi, Zj) be a holomorphic coordinate around P such that DiClUp = 
{zi = 0} and DjOUp = {zj ~ 0}. Then, there exist positive constants Ci {i — 1, 2) such that the following 
holds on Up, for any < e < 1/2: 

Ci • < • 6^+2 • ( + 'PhM] + ^{d■^^ ■ dz^ + dz, ■ dz,) < C2 ■ UJ,. 



Let Q be any point of \ [Jj-^^Dj, and {U,wi,W2) be a holomorphic coordinate around Q such that 
U O Di = {wi = 0}. Then, there exist positive constants Ci [i = 1,2) such that the following holds for 
any < e < 1/2 on U: 

Cl-W,< ^ ■ . fpl-^) + ^{dwi ■ dwi + dw2 ■ dw2) < C2 ■ UJe. 



3.3.2 Construction and some property 

Let {E^:,D^) be a graded semisimple parabolic A-flat bundle. For simplicity, we consider only the case A 7^ 0. 
We take c G such that ct ^ Var{E^,, i) for each i e S. We assume the following: 

(SPW) We have a positive integer m and £ R {i £ S) with — 1/to < 7i < 0, such that Var(cE^,i) is 
contained in + 7^ + p/m |p G Z, — I < 7,^ +p/m < O}. 

Let e = m^^. Let Hq be a C°°-hermitian metric of i? on X — 13 as in Subsection 13.11 around the intersection 
points of D, and as in Subsection 13. 21 around the smooth points of D. Let Oq denote the section of End(i?) (g) fJ^'" 
on X — D induced by and ho, and let 9^ denote the adjoint. 

Lemma 3.12 We have the boundedness of G(Ji^ ,hQ) and 9q ■ 9q with respect to Hq and oj^. 

Proof It follows from Corollary [3T3] and CoroUarv 13.71 I 

Corollary 3.13 The following equality holds: 

._/'W''°'''^(rrTw/x-."('="'°'''- 

As a result, we have the following formula: 



27r ; (1 + |A|2)2 



tr{G{hQf) = 2 / par-ch2(£;,). (40) 

X-D JX 



Proof The second equality follows from the first equality and the equality (36) in the proof of Proposition 
4.18 of [3T]. Due to Lemma [2.291 we have only to show the vanishing / 9tr(0g • ^J) = 0, which follows from the 
estimate of 6^ ■ B\ in Lemma 13.121 I 
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We can also show the foUowmg equaUty by using Lemma 4.16 of [31] and the equality tr G{ho) = (1 + | Ap) 
tri?(/io): 



2tt 



-1\ f /trG(/io)\ fv^\ f ( T^,, x\2 



Let V (Z E he a, A-flat subbundle. Because of A 7^ and the regularity, we have the saturated filtered A-flat 
subsheaf V* C E^,. Let hy be the metric of V induced by Hq. 

Lemma 3.14 We have deg^^{V, hy) — par-deg;^(y*). In particular, deg^^{E, ho) = pa.T-deg^{E^). 

Proof It can be shown by the same argument as the proof of Lemma 4.20 of [31]. I 

3.3.3 The induced metric and the A-connection on D° 

For simplicity, we assume Ci = ji = {i E S) in this subsection. We put S{Di) :— Di n Uj^^i ''^^'^ •= 
Di \ S{D,). Let (a, a) E ]CMS{^E, F, i) . We have the naturally induced parabolic fiat bundle * Grf;j^(^£')* on 
iS(-Di)) . By using the functions Icil^. , we obtain the induced hermitian metric ^ha.a and the A-connection 
^]D)^ „ of ' Grf'f (*£;)|^„, as explained in Subsection (See also Subsection EXH) Let n 99 log \a^\l^. 

Lemma 3.15 We have the following equality: 

tr(i?(/i„,„)) = - A-ia • T, ■ rank* Gii:XE) 

Proof It follows from (ISl), 111, IMI) and (Ei). I 



Corollary 3.16 We have the following equalities: 

par-deg^, (' Gr^;XE).) = - {M^'' tr(RespCD^, J)) + wt^ Gr^-^CE)^,?) 

PeS{Di) 

~ Re(A"ia) • rank' Grf;;^(*£;) • [A]' (41) 

= Im(A-i tr(RespCD^^„))) + Im(A-ia) • rank' Grf;;^(*^) • [A]' (42) 

PeS{D,} 

Proof It follows from Lemma [3. 151 and ((30)l . I 

Remark 3.17 Although we have assumed that graded semisimplicity and (SPW)-condition for {Ef.,0^), the 
formulas (I4ip and (j42p without the assumption, because the general case can be reduced to the above special case 
by perturbation explained in Suhsection \'2.1.Q\ I 

3.4 Preliminary existence result of a Hermitian-Einstein metric 

3.4.1 Hermitian-Einstein metric for graded semisimple A-flat paraboUc bundle on surface 



We use the setting in Subsection 13.31 Let X be a smooth projective surface with an ample line bundle L and 
a simple normal crossing divisor D. Let w be a Kahler form representing ci(L). Let (£J*,D^) be a graded 
semisimple regular filtered A-fiat bundle on {X, D) . We assume the (SP W)-condition in Subsection 13.3.21 Let 
e = m^^, and let cj^ be the Hermitian metric given in p9p . We have an ordinary metric kg constructed in 
Subsection 13.3.21 

Lemma 3.18 We can construct a hermitian metric kin for E^x-D which satisfies the following conditions: 

• hin is adapted to E^ . More strongly, kin — h{, ■ e^ for some function x such that x, dx cmd ddx are 
bounded with respect to lu^. 
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• G(/ii„,D^) is bounded with respect to hin and oj^. 

• Let be a X-flat filtered subsheaf of E^^ . Let V 'V\x-D and let hiny denote the induced metric of V . 
Then, we have par-degj^(V*) = deg^^{V,hin,v)- 

• tr G{hin,U)^) • = (1 + |Ap) ■ a ■ Lol for some constant a. The constant a is determined by the following 
condition: 

27r Jx-D 27r jx 

• The following equalities hold: 



« • ^ / = a • ^ [ uJ'^ par -deg^ (43) 



27r 

• Let s be determined by hin — h^ ■ s. Then, s and s^^ are bounded, and B'^s is L^ with respect to Hq and 

Due to the third condition, {E,hi„,6) is analytic stable with respect to uu^, if and only if {E^,,M^) is ni^-stable. 
The metric hin *s called an initial metric. 

Proof Let x be a positive-valued function x such that trG(/io) • i^c = a ■ loI holds. We put hin ■= ha ■ e^. By 
construction, the fourth condition is satisfied. The other property can be reduced to the property for ho, as in 
Lemma 6.3 of PT . I 

Proposition 3.19 There exists a hermitian metric hns of {E,3^) with respect to lOc satisfying the following 
properties: 

• Hermitian- Einstein condition A^^G^hns) — o- holds for the constant a determined by (|43p . 

• par-degi(£;,) = deg^(i;, hnE)- 

• We have the following formulas: 

f tT{G{hHE)^') _ [ ^ par-cf(£;*) 



2^ / Jx-D (1 + |AP)2 Jx\ ranks 



2par-ch2(£;,)-i— (44) 



• huE is adapted to E^, i.e., E^(hHE) — -E*. More strongly, let s be determined by hnE — hin • s. Then, 
s and s^^ are bounded with respect to hin, and D^s is L^ with respect to hin and lo^. 

Proof It follows from Lemma [331 and Proposition EJl I 
3.4.2 Bogomolov-Gieseker inequality 

Let y be a smooth projective variety of any dimension. Let L be an ample line bundle on Y , and let D he b. 
simple normal crossing divisor. 

Corollary 3.20 Let {E^,,^^) be a ji^-stable regular filtered X-fiat bundle on {Y,D) in codimension two. Then, 
Bogomolov-Gieseker inequality holds for E^. Namely, we have the following inequality: 



j par-ch2 i(£;*) < 



/rPar-cf,^(-E^) 
2 ranks 
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Proof Similar to Theorem 6.1 of ^3T]. Namely, since we have the Mehta-Ramanathan type theorem (Propo- 
sition [2T9]) , we have only to prove the claim in the case dimy = 2. Due to the method of perturbation of 
parabolic structure, we have only to prove the inequality in the case (E^,,^^) is a graded semisimple /i^-stable 
regular filtered A-flat bundle on {Y,D), satisfying (SPW)-condition. Then we can take a Hermitian-Einstein 
metric hns as in Proposition 13. 191 for which we have the standard inequality (See Proposition 3.4 of [351): 

tr{G{hHE,^Y^)>0- (46) 

Y~D 

Here G{hHE,^^)'^ denotes the trace free part of G{hHE,^^)- Hence we obtain the desired inequality from 
(Si). I 

3.5 Some formula and vanishing of characteristic numbers 
3.5.1 Formula for par-ch2(£^*) 

Let X be a smooth projective surface, and let D be a simple normal crossing divisor of X. We will derive some 
formulas and vanishings for the characteristic numbers of {E^:,!}^). 

Remark 3.21 To begin with, we remark that we have only to show such formulas for regular filtered X-flat 
bundles satisfying the following conditions due to the method of perturbation of the parabolic structure (Subsection 

• graded semisimple. 

• Var{E^,i) C Q. 

• ^ Var(^E^,, for any i E S. 

We will use it without mention in the following argument. 

We restrict ourselves to the case dimX = 2 just for simplicity. The formula can be obviously generalized 
for par-chj ^(-E*) of regular X-flat parabolic bundles (E^,,^^) on {X,D) in codimension two for dim X > 2, 
where L denotes a line bundle on X . I 

For simplicity of the description, we put as follows, for u —E K.AiS{i) := ICMS[^E,iy. 

r{i,u) :=rankz5.C Gt^'^CE)) 

For any point P E D,n Dj and {u,,Uj) E K,MS{P) := ICMS^^E, P), we put as follows: 

r(P,7.„u,):=rank(^Gr:f„^.(i?)) 

Proposition 3.22 We have the following equality: 



I 2 par -ch2 (£;*)= ^ ^ {Re{X^^ a) + af ■ r{i,u) ■ [Dif 

^ ieS ueKMS{i) 



^ ^ ^ (ReA^^a^ + ai)(ReA ^a^ + oj) ■ r{P,u,,Uj). (47) 



PeDinDj 



We also have the following equalities: 

2par-ch2(i;,) = ^ ^ Rc(A-ia + a).(-par-degCGrf;;^(*i?)J+aT(z,u).[A]'). (48) 



ieS ueK.MS{i 



= E E MA-ia).(-par-degc^CGrf'^(-i?),)+a.r(*,j.).[Ap) (49) 



i£S ueKMS(i) 
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Proof Let Xs CiiWil > ^} and Yg^^ := Xs n {|cr,| = 6}. We have i?(/io) = -X-\l + \X\^) ■ d"0. Hence, we 
have the following equality: 



By using the estimates in Subsections 13. the contribution of Yg^i to (|50p is the following: 



- V m(a + \^a)y^[ (tr(R{'ha.a)) - a ■ r(i, {a,a)) 

71 ^ — ' ZTT J jy. \ 



J2 (« + A-ia).(dcg^^CGrf;^ri?),)-a.r(z,(a,«)).[A]') (51) 

ia,a)eKMS{i) 



m 

(a,a)^K.MS{i) 



By taking the real part, we obtain (|48)) . By taking the imaginary part, we obtain (|49p . The equality (|47l) follows 
from (|48)) and Lcmma r3.15l bv a formal calculation. I 

Lemma 3.23 For any C°° 2-form t , we have the following: 

/ par-Ci(£;,)-r= / tri?(/io)-r = -y V Ke{\-^a + a) ■ r{i,{a,a)) ■ {D„t) (52) 

leS (a,Q)e/CA45(i) 

Namely, the cohomology class of tv R^Hq) is par-C]^(£^,). In particular, we also have the following equality: 

par-deg^ (£;*) = ^ Re{X-^a + a) ■ r{i,{a,a)) ■ {D,,uj) (53) 

Proof Recall we have R{ho) = A~^(l + |Ap) • c?"(?o- Then, we obtain ((52|) by using the estimates in Subsections 

Remark 3.24 M^e considered the KMS-spectra of^E. But, we have the following equality for any c G and 
i € S: 

a) + a I (a, a) e JCMSCE,i)} = {Rc{X-^a)+a\{a,a) G ICMS{cE,i)} 

We also have such comparison for JCMS{''E,P) and ICMS{cE) for c e R'^ and P e Di n Dj. Namely, the 
choice ^E is not essential. (See also Section^) I 

3.5.2 Remark on the vanishing of the parabolic Chern character numbers 

Recall the formulas for par-ch2(£^*) in Proposition 13.221 and the formula for pai-deg^{E^,) in Lemma [3.231 
Then, we immediately obtain the following corollary. 

Corollary 3.25 If a-\-Yle\^^a — Q holds for any KMS-spectrum {a,a) of{E^,I]>^), the characteristic numbers 
par-degj^(£J,) and par-ch2(-E») automatically vanish. I 

Remark 3.26 Let E be a vector bundle on X — D with a flat connection V. We have the Deligne extension 
(i?, V). (See Subsection \2.\.i\ for example.) We have the canonically defined parabolic structure F such that 
Re a-\~ a — Q for any KMS-spectrum. In that case, the stability of {E, F , V) and the semisimplicity of {E, V) is 
equivalent. The corollary means J^pa,r-C2{E, F) = par-degj^(i?, i^) = 0. 

When [E, V) is semisimple, we know that there exists the Corlette-Jost-Zuo metric of {E, V) which is a 
pure imaginary tame pluri-harmonic metric adapted to the parabolic structure F (See [3] for the case D — $ 
and [16] for the general case. See also 30\.) To show such an existence theorem from the Kobayashi-Hitchin 
correspondence, we have to show the vanishing of the characteristic numbers which is "the obstruction on the 
way from harmonicity to pluri-harmonicity" . Corollary \2>.2b\ clarifies the point. I 
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4 Continuity of some families of harmonic metrics 



4.1 Statements 

In this section, we will show continuity of two kinds of families of harmonic metrics on curves, i.e.. Proposition 
14.11 and Proposition 14.21 We will give a detailed proof of the first one. Because the second one can be proved 
similarly and more easily, we just give some remarks in the end of this section. 

4.1.1 Continuity for e-perturbation 

Let C be a smooth projective curve with a simple divisor D. Let {E,F,'S}^) be a parabolic flat A-connection 
over {C,D), which is stable and par-deg(i?, F) — 0. Let F^'-' be the e-perturbation of the parabohc structures, 
explained in (II) of Subsection l2.1.6l We remark det{E, F) = det{E, F^'-*). Let /i^'^^ be the harmonic metric for 
(£;,F^'\D^). Let 6l(') denote the Higgs fields for the harmonic bundles (£;, D^, 

Proposition 4.1 The sequences converge to h^^^ and 9^^^ respectively, in the C°° -sense 

locally on C ~ D. 

The proof is given in Subsection 14.51 after the preparation given in Subsections I4.2H4.4I 

4.1.2 Continuity for a holomorphic family 

Before going into the proof of Proposition 14.11 we give a similar statement for another family. Let C — > A 
be a holomorphic family of smooth projective curve, and V — > A be a relative divisor. Let {EjF,!!)^) be a 
parabolic flat bundle on (C, P). Let t be any point of A. We denote the fibers by Ct and Vt, and the restriction of 
{E, F, e^) to (Ct, Vt) is denoted by [Et, Ft,^^). We assume par-deg(£;t. Ft) = and that [Et,Ft,Ii^) is stable 
for each t. For simplicity, we also assume that we are given a pluri harmonic metric h^Qt(^E) of det{E,B)^)^(;_xi 
which is adapted to the induced parabolic structure. 

Let hH,t be a harmonic metric of {Et, Ftj^Si^) such that det{hH,t) = h^ct{E)\Ct- They give the metric hn of 
E. Let 9H,t be the Higgs field obtained from {Et,B^, hH,t), which is a section of End(i?t) <Xi ilj-filogVi). They 
give the section Oh of End(i?) (8) fl^'^^{log'D), where il^'^^^logV) denotes the sheaf of the logarithmic relative 
(1, 0)-forms. 

Proposition 4.2 hn and 6h are continuous. Their derivatives of any degree along the fiber directions are 
continuous. 

Since Proposition l4.2l can be proved similarly and more easily, we will not give a detailed proof. See Remark 

Em 

4.2 Preliminary from elementary calculus 

For any z G A* = {z G C | [zj < 1} and e > 0, we put as follows: 

L.{z) := K,i^)■.^\fLl±K^ M,(z) := |z|4^(l - log jz^. 

We also put Lo{z) := — logjzp, Ko{z) — 1 and Mo{z) = 1. Then, they are continuous with respect to 
(z,e) G A* X R>o. 

Lemma 4.3 For any {z,e) G A* x R>o, we have Lo{z) < L^{z). 

Proof We put g{e) := a^'^ — + e • log a^ for < a < 1 and < e. Taking the derivative with respect to e, we 
obtain the following: 

g\e) = -(a"" + a") logo + log a^, g" {e) = (a"' - a')(loga)^ > 0. 
Since we have 17(0) — g'{0) — 0, the claim of the lemme follows. I 
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Lemma 4.4 (/^^(z) — !)• (Le(z)^-e^- jzl*^) ^ are bounded on A* , independently of e. We also have K^{z) — 1 > 0. 

Proof The second clahxi is clear. Let us check the first claim. We put as follows, for < a < 1 and < e < 1: 

gi(e) := a"" - 2 + a% 52(e) (a"" - a'fa' = - 2a' + a^'. 

We have only to show that .g2(e) > .9i(e)- We put g{e) :— g2(e) — 51(e) = 2 + a^*^ — Sa*^. By taking the derivative 
with respect to e, we obtain the following: 

g'{e) ^ 3a^' ■ log a - 3a' • log a = 3(-a3' + a')(- loga) > 0. 

Since we have g{0) = 0, we obtain g{e) > 0. Thus we are done. I 

Lemma 4.5 {l-M,{z))-{L,{zf-e'^-\z\'')' are bounded on A*, independently ofe. We also have 1 — M^{z) > 0. 

Proof We have only to show the following inequalities for < a < 1 and < e < 1: 

< 1 - a*'(l - log a*') < 3(a-' - a' fa'. 

To show the left inequality, we put h{e) := 1 — a^'(l — log a"*'). By taking the derivative with respect to e, we 
have h'{e) — — a**' loga''(l — loga^') + a'*' log a"* = ea'*'(log a"*)^ > 0. We also have h{Q) = 0. Hence, we obtain 
h{e) > 0. To show the right inequality, we put as follows: 

g{e) := a-'*'(3(a-' - a'fa' - (l - a'''(l - loga^'))) = 3(a-^' - 2a-^' + a"') + (1 - loga^') - a'^'. 

By taking the derivative with respect to e, we obtain the following: 

g'{e) ^ 3(a~5'(-51oga) - 2a-^'(-31oga) + a-'(- loga)) - 4 log a - a"''' (-4 log a) 

g"(e) = {75a-^' ~ lea^^' - 540"^' + 3a-') ■ {logaf. 

It is easy to check g"{e) > by using a^^' > a^^' {k = 3,4). Since we have ^'(0) = ^(0) = 0, we obtain 
ff(e) > 0. Thus we are done. I 

Lemma 4.6 Let P{t) be a polynomial with variable t, and let b be any fixed positive number. Then, we have 
the boundedness of \z\^' ■ P {^eLo[zfj on A*, independently of < e < 1/2. 

Proof We put u \z 1% and then |z|'"P(eLo(z)) = v!' ■ P {Lq{u)) . Hence, we have only to show the boundedness 
of ■ P[Lq{u)) when < u < 1, but it is easy. I 

4.3 A family of the metrics for a logarithmic A-flat bundle of rank two on a disc 
4.3.1 Construction of a family of metrics 

We put X = A — {z I |z| < 1}. Let O denote the origin, and we put X* := X — {O}. We use the Kahler form 
We := (e^l^l'"'^ + 1) ■ dz ■ dz in this subsection. We will use the notation in Subsection 14.21 

To begin with, we recall an example of a harmonic bundle on a punctured disc. Let E — Ox ■ © Ox ■ V2 
be a holomorphic vector bundle on a disc. Let be a Higgs bundle such that 9 ■ vi — V2 ■ dz/z and 9 ■ V2 = 0- 
Let h be the metric of E\x* such that h{vi,vi) = Lq, h{v2,V2) = L^^ and h{vi,Vj) — (i ^ j). Recall that 
the tuple {E,dE,9,h) is a harmonic bundle. Let us see the associated A-connection. We put ui :— vi and 
U2 := V2 — X ■ Lq^ ■ vi. Then, we can show (Oe + \9^)ui ^ {i — 1,2), B'*'ui = U2 ■ dz/z and D'^M2 = by a 
direct calculation. We also have the following: 

h{ui,ui) ^ La, /i(m2, M2) = (1 + |Ap) • ^, h{ui,U2) ^ -\, h{u2,ui) = -\. 

Motivated by this example, we consider the following family of the metrics h^ on the A-connection {E,0^) 
given as follows: 

/le(ui,1tl) = Le, /le(u2,'"2) = (1 + • /l^ (ui , U2) = -A • M^, h^{u2,Ui) = -\ ■ M^. 

The A-connection D'^ and the metric induce the operators and 9^ (Subsection 12.2.1]) . The main purpose 
of this subsection is to show the following proposition. 



37 



Proposition 4.7 There exists a some positive constant C such that \deOf\^ ^ l£ C for any < e < 1/2. 

Although the proof of the proposition is just a calculation, we will give the detail in the rest of this subsection. 

Remark 4.8 Let h'^ he the metric determined by h'^{ui,ui) — L^, h'^{u2,U2) ~ L^^ and h'^{ui,Uj) = [i ^ j). 
Then, there exist positive constants Ci {i — 1,2) such that Ci ■ h'^ < < C2 ■ h'^ for any < e < 1/2. Hence, 
we have only to consider the norms for h'^ instead of those for . I 



4.3.2 Preliminary 

Let iJe be the hcrmitian matrix valued function given by iJ^ := H{hf , u), i.e.. 



-A • M, 
-A-M, (l + |A|2)L7i 



Let N be determined by D^it — u ■ N ■ dz/ z, and let denote the adjoint of N with respect to the metric iJ^ 
i.e., 



N 





1 



1 



1 + |A|2(1-M2) 



-A(l + |A|2)L7iM, (1 + |A|2)2l72 
A(l + |A|2)M,L7i 



-a'm2 



Recall the calculation given in Subsection l2.2.2l Then, and 0^ can be described with respect to u as follows: 



deU = u ■ 



A 



l + IAI 



1 



fU = u 



1 + |A|^ 



N— - XHT'dH, 



Therefore, de{de) is described by the following 2 x 2-matrix valued 2-form with respect to it: 

A 



lAI 



(1+|A|2)2 



X-H;'dH„N— 

z . 



z z 



(54) 



Here we have used [H^ ^dH^, ^ dHf\ = 0, which can be checked easily. 

Lemma 4.9 To show Proposition 14.71 we have only to show the uniform boundedness of {l,l)-entry, (2,2)- 
entry, L^x {l,2)-entry and L^^x (2, l)-entry, in the matrix valued function (|54|) . 

Proof It follows from Remarkl4.8l I 



In the following calculation, we often use the notation L and M instead of and Mg, if there are no risk 
of confusion. Let us see H ^ dH^. We have the following equality: 



1 



(l+^A|2).L7i X-M, 
X-M, L, 



1 + |A|2(1-Af2) 

Then, we obtain the following formula for H ^ ^dH 
1 



-A • a A/, 

-X-dM, {l + \X\^)-dL-^ 



{1 + \Xf)L-^dL - \X\^MdM X{1 + \X\^){-L-^dM + MdL-^) 
1 + |A|2(i _ M2) V XiMdL - LdM) (1 + \X\^)LdL-^ - \X\^M ■ DM 



We also have a similar formula for ^dH^. We obtain the following formula for d(H^ ^ dH^ 



(55) 



2\X\'^MdM 



(1 + |A|2(1-Af2)) 



1 



1 + |A|2(1- A/2) 



(1 + |Ap)(9cllogi - 2_-i|A|2aaA/2 A(l + \Xl){MddL-^ - L-^ddM) 
X(MddL - LddM) (1 + |A|2)aaiogL-i - 2-i|A|2a9Af2 



(56) 



38 



The commutator of ^dH^ and N ■ dz/ z is as follows: 

i_ _ dzi (l + |Ap) f \{-L-^dM + MdL-^) \ dz 

z 



dH„N- — 

z 



1 + |A|2(1-Af2) V 2LdL-^ ^X{-L^^dM + MdL-^ 

Let us see the commutator of ^9i?e and . By direct calculations, we have the following equality 

' ' 1 + |A|2(1- Af2) 1^ t-MdM -X{l + \X\^)L-^dM ) 

1 ( 2|A|2A(l + |Ap)M2i-ig^/ -2|A|2(1 + |A|2)2ML-2aM ^ 



(1 + |A|2(1-Af2))2 2M^dM\\X\^ -2A|A|2(1 + |A|2)M2l-19M 

We also have the following: 



1 / -A(l + |A|2)i-iaM (1 + |A|2)2i-iOL-i 



1 + |A|2(1-M2) \^ -XhldM A(l + |A|2)Af9L-i 

Therefore, we obtain the following formula: 



:dz 1„ — 

nI — ,H^ dH, 



1 dz ( -A(l + |A|2)(L-i9M - L-HldL) -2(1 + \X\^)^L~^dL 



1 + |A|2(1 - M2) z \^ -2xhldM A(l + |A|2)(Afai-i + L-iaA/) 

2|A|2 dz f X{l + \X\^)A'PL-^dM -{l + \X\^fML-^dM 

—2 . 



(1 + |A|2(1 - M2))^ z \^ X M^dM -A(l + |A|2)M2L-i(9Af 

The commutator of N and A^J is as follows: 



[NlN] 



1 / _(1 + |A|2)2l-2 

1 + |A|2(1 - Af2) 2A(1 + |A|2)AfL-i -(1 + |A|2)2l-2 



4.3.3 Estimate 

We have the following: 

z i z z 

In particular, we have the following estimate: 

A^.aAf, = 0(e2 . |z|8- . Lo • (1 + eLo) ^ 

Let us see the first term in the right hand side of ([56|) : 

2|APA..aM. r 



(1 + |A|2(1-Af2))^ 
For the (1, l)-entry and (2, 2)-entry, we have the following estimates: 
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dM, ■ M,dM, = 0(e4 . |z|i6^ . (1 + eLofLl)^^ = o{\z\''' ■ (1 + eLo)'(eio)') • u;. 



They are bounded with respect to due to Lemma 14.31 and Lemma 14.61 Hence, the (l,l)-entry and the 
(2, 2)-entry of are bounded independently of e. Let us see the (l,2)-entry. Recall Lemma Hence, we 
have only to see the following: 

L, X {M,dM,) ■ {L-^dM^ - M,dL-^) = M,dM,dM^ + MfdM^L'^dL^. 

Both terms in the right hand side can be estimated as in the previous case, by using Lemma 14.31 and Lemma 

M.dM^dM, = 0{\z\^°'{l + eLo)(eLo)M • = 0(1) • 

MfdM.L^^dL, = o{\z\^^\l + e^o)'^) • = 0(1) • 

The (2, l)-entry can be estimated similarly: 

L-^ X {MedM,){MedLe - LM'U) = M^L'^dMedLe - ■ dM^dM^ = 0(1) • w^- 

Let us see the second term in the right hand side of (|55|) : 

1 / (1 + |A|2)a91ogi - 2-^\\fddM'^ A(l + \\f){MddL-^ - L-^ddM) 

l+|A|2(i_M2) \{1 + \X\^){MddL - LddM) {1 + \X\^)ddlogL-^ - 2-^\X\'^ddM^ 

It is easy to see the following estimate: 



(64) 



ddM^ = O 



(65) 



Hence, it is bounded with respect to independently of e. We remark that ^M^ddL^ is also bounded 
independently of e: 



Lr^M, • ddLe = — Me 



dz ■ dz 



0(1) -LOe 



Hence, we have the following, modulo the uniformly bounded term with respect to {h^,uj^): 



(1 + |AP) 



99 log XM.ddL-^ 
— 9i91ogLe 



1 + |A|2(1-Af2) 

Let us see (|57p. By the same argument, we have the following uniform boundedness: 



(66) 



L-'dM, ■ 



dz 



^ LoA dz-dz 



|Z|2 



0(1) -c^. 



Hence, we have the following, modulo the uniformly bounded terms with respect to [h^^oj^): 



(I + IAP) 



XMedLj^ 



1 + |A|2(1-M2) V 2L,dL-^ 
Let us see (|60l) . We remark the following, for any k > 1: 



0_ 

^XM.dL-^ 



dz 

z 



dzM^dM, 



dz-dz 

I 12 =0 1) -W, 

\zr 



(67) 



Hence, the terms containing dM in the right hand side of ([60|l can be ignored. Hence, we obtain the following, 
modulo the uniformly bounded terms with respect to (/ie,Wc): 



(1 + |A|2) dz ( XL-^M,dL^ -2{l + \X\^)L-^dL^ 



1 + |A|2(1-M2) z 



XM^dL- 



(68) 



40 



In all, ([5^ is same as the following, modulo miiformly bomidcd terms due to (|FT|). ([M]) . (p7|) and (|68p : 



-A991ogL, -X^M,-ddL-^ 

1+ |A|2(1-M2) V ASaiogL, 

1 |Ap dz ■ dz / X ■ ■ ■ L-^ 



1 + |A|2(1-M2)1 + |A|2 |z|2 1^ 2K,-L-^ -X-Ah-K.-L--' 

1 A^ dz-dz / -X ■ M, ■ K, ■ L72 2(1 + |A|2)L73 • K, 

1 + |A|2(1-M2)1 + |A|2 |z|2 X-M,-K,- X72 

A dz ■ dz f L72 



1 + |A|2(1-M2) |z|2 V 2|A|2(l + |A|2)-i(X,-M,)L7i AL,-2 
By a direct calculation, we can show the following equalities: 

^ 1 (iz • 2 dz ■ dz 1 dz ■ dz 

= "If = Zf ^ - TlTTT- 

Therefore, (16911 can be rewritten as follows: 



1 / 2X^L-^{K, -M,) \ dz-dz 

1 + |A|2(1 - M2) V 2|A|2(1 + \X\^)-^L:^{K, - M,) 



1 + |A|2(1-M2) |z|2 V 2A(l + |A|2)-iM,.L7i -L; 
The summation of the last three term in is as follows: 

1 dz-dz r -AL-2 2X^L7^K, 



(69) 



(70) 



J ( X^e^M^{2L^)-^ \ dz-dz ^^^^ 



1 + |A|2(1-M2) V 

Due to Me = 0(|z|^^(l + eLo)), the second term in ([71]) can be ignored. Due to Lemma H31 and Lemma we 
have the uniform boundedness of (M^ — 1) • - dz - dz/\z\'^ and [K^ — 1) • - dz - dz/\z\'^ . Thus, the proof 
of Proposition [4771 is finished. I 



4.4 A family of metrics of a parabolic flat bundle on a disc 
4.4.1 Simple case 

We put X := IS. = {z & C\\z\ < 1} and X* := A — {O}. Let V; be a vector space over C with a base 
e = (ei, . . . , e/), and let Ni be the nilpotent endomorphism of Vi given by Ni - e^+i = for « = 1, . . . , ^ — 1 
and Ni - ei = 0. We put Ei :— Ox <8i Vi. Then, naturally induce the frame of Ei, which we denote by 
V = (vi, . . . ,fi). The fiber E^q is naturally identified with V, and we have v^q — e. We have the logarithmic 
A-connection of Ei given by I]>iVi = Vi+i - dz/ z for z = 1, . . . , ^ — 1 and O^vi — 0. The residue Res(D'^) is 
given by Ni. We have the weight filtration W of E\q with respect to Ni. 

We have the trivial parabolic structure F oi Ei. Take a sufficiently small positive number e. We consider 
the e-perturbation F'^'^^ given by Fj^f = Wk for k = —I + 1, —I + 3 . . . ,1 — 1 in this case. 

Let us fix a sufficiently small positive number eq such that rankii^ • eg < ?y/10. In the previous subsection, 
we have constructed a family of metrics h^'' (0 < e < eo)- It induces the metric of Sym'~^ (i52, D2) — 
which we denote by The following property can be shown by reducing to the case 1 = 2. 

• ft-l"'' is the harmonic metric. 

• h\'^ — > hf^ for e 0, in the C°°-sense locally on X* . 

• \k^Mhf\i.) <c. 
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• h^i'^^ is adapted to the parabolic structure F^'^^ 

• Let tg :— det(/i|^'')/ det^hf ^). Then, and tj^ are bounded, independently of e. 

4.10 LetH, = Then, we have the following estimate on {0 < \z\ < 1/2} with respect to 

h:' ■ (B + xd)H, = o(i) • ^ + 0(1) • ^ 

Proof We see only iJ^ ^dH^. The term ^dH^ can be discussed in the same way. We have only to check 
the case 1 = 2. As in Lemma [4.91 we have only to see the (1, l)-entry, (2, 2)-entry, L^x (1, 2)-entry and L~^x 
(2, l)-entry in the matrix valued function ((55|) . As is seen in Subsection 14.3.31 the term containing dMe is 
bounded with respect to lu^, and the estimate is uniform for e. Hence, we can ignore them. Therefore, we have 
only to show that L~^dLe = —LcdL~^ is 0(1) • dz/z, but it can be checked by a direct calculation. I 

4.4.2 General case 

Let {E, F, B)'^) be a parabolic flat A-connection on {X, O). Take a positive number 77 such that lO-vy < gap(£', F). 

We will use the metrics: _ 

2, ,,dz ■ dz , .^^dz-dz 

'^^^^'i^r^^ + i^i'"^^- (72) 

Here, e will be for some m £ Z>o such that 10rank(i?) ■ e < rj. We take the e-perturbation F^'^'' as in (H) 
of Subsection 12 . 1 . 6l Let a(e) be the numbers which is denoted by a{e,i) in the explanation there. 

We have the endomorphism Res(D'^) of Gt^{E). It induces the generalized eigen decomposition Gt^{E) = 
®aecGra^iE). On Gi^'^{E), the endomorphism Res(P^) is decomposed as a ■ id+iV„, where u = (a, a) G 
RxC. Let W be the weight fihration of iV„ on Gr^''^(£;). They induce the filtration W of Grf (E). 

For u e R X C, we put Vu ■= Gt^'^{E) with the induced nilpotent map Nu- Then, we can take an 
isomorphism: 

rn{u) 

(K,iV«)^ 0(V^(,,.),A^z(„,.))- 

i=l 

We put (£'„, ED^) := 0(i?z(u,i) , Df^^ j^) . Let h'u'^^ denote the metric of Eu induced by .j (i = 1, . . . , m{u)). 
(See Subsection [iXT|) . 

Let (3(u) denote the logarithmic A-flat bundle of rank one for u = {a, a), which is given by Ox^e with the 
A-connection D'^'e = e-a-dz/z. It is equipped with the family of the harmonic metrics hu^(^\e,e) = \z\^'^°'^'^K 
Then, we obtain the vector bundle Eq with the A-connection Bq and the parabolic structure F, as follows: 

iEo,B^) = ^{Eu,Bt)®Q{u), Fb{Eo\o) = ^ E^a..c.)\o ® Q{a,a)\o. 

u a<b 

The metrics h'u'^'^ and ft."*''^'' induce the metric /lu"* of Eu (8) Q(u). Let /iq^'' denote the direct sum of them. We 
can take a holomorphic isomorphism ^' : E^ — > E satisfying the following conditions: 

• It preserves the filtration F. 

• Gr^(^')oGr^Res©^ = Gr^ Rcs©^ Gr^(*). 

We identify Eq and E via . The naturally induced metric of E is denoted by the same notation /iq^-*. 
Lemma 4.11 The family {h^^^ | < e < eq} of the hermitian metrics has the following properties: 

• G'(D'^, /iq*^^) is uniformly bounded with respect to (wc , /iq'^'' ) . 

• {Hq^ I e > 0} converges to h'l^"' in the C°° -sense locally on X* . 
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• h^^ is adapted to the perturbed parabolic structure -F*-*^^ . 

• Let tg be determined by dei{h''^^ ) j det(/ig'^^). Then, t^ and t~^ are bounded, independently from e. 

Proof We check only the first claim. The other claims are easy to see. Let / be determined by /• dz/z 
- B^, and we put /t := J^^,, . We put B^* := B^jt, and := B^*(,) . Then, we have the following: 

G(B\4^)) = [B\B^] = [b„^ + /^, Kl + n^ 

= G(Do\4^)) +Do^;(/)^ +Dg^/t)| + (73) 

We have the decomposition f = ^ fu,u', where fu,u' & Homi^Eu ® Q{u), ® Q{u')). We have 1 o = 
unless a = a' and a > a' . Hence, there exist positive constants C and N such that the following holds for 
< e < eq: 

|/|,<„ ^C-lzlio^Lf, 

"o 

Here iV • e is sufficiently smaller than 77. Hence, we have the following: 

<c•|z|^^ [/,/t] = o(|z|i«''). 

We have the induced frames of i?„ (g) Q{u). They induce the frame v oi Eq. Let B and Aq be determined 
hy fv = V ■ B ■ dz/z and Bgt; = vAq ■ dz/z. Then, we have the following: 

Plf^]v = v{vBl^ + [A„Blf-^ 

Here we put V = d + \d and Bl = ^ • *i3 • H^, where = H{hl^\ u). Since -B] is sufficiently small with 
respect to (w^, ft-Q^''), [Ao,i3|] is also sufficiently small. Corresponding to the decomposition / = J2fu,u', we 
have B Buy ■ Then, the following holds: 

(^-?)u,„' = HjjBu',uHu,e- 
Here H^.t '■— H{hu\vu)- Hence, we obtain the following: 

{VBl)^^^,^ = HZl ■ (V'Bu'^u) ■ Hu,e - H~J,J)Hu'^. ■ {BIUw + {Bl\y ■ H'ulvHu,.. 

Since B is holomorphic, we have hJ^^ ■ {V^Bu',u) ■ Hu,e ■ dz/z = 0. We put iJ^e ■— H{h'u'^\vu)- Then, we have 
Hu,t = |z|~^°i?4 e) and the following holds with respect to h^'' due to Lemma 14.101 

^:>i?.. ^ -a f + + i?l:>i?l. = 0(l)^ + 0(1)?. 

Since {Bl)u,u' is small with respect to (wc/iq*^^), (i3(f)u,tt' • H^^^dHu,e is also small. Therefore, Dg/t • dz/z is 
small with respect to {uj^, h^''). It also follows that Bq*/ • dz/z is small. Thus we are done. I 

4.5 Proof of Proposition 14.11 

4.5.1 Construction of a family of initial metrics 

Let 77 be a small positive number such that 77 < gap(-B, i^)/10. Let eg be a small positive number such that 
10 ranki? • eg < ?/. For any < e < eg, let us take uj^ be the Kahler forms oi C — D with the following properties: 

• Let {Up, z) be a holomorphic coordinate around P E D such that z{P) = 0, and then uj^ is given by l|72|) . 
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• We — > ujQ for e — > in the C°°-sense locally on X — D. 

Lemma 4.12 We can construct a family of metrics h^^"^ of E\(j-d with the following properties: 

• h'^Q^ is adapted to the perturbed parabolic structure -F^*^' . 

• /iq'"* — > h'^Q^ in the C°° -sense locally on C ~ D. 

• G{h\^^) is uniformly bounded with respect to {ijj^,h\^^). 

• We put t^ := det(4'')/det(4°^)- Then, t^ and t~'^ are bounded independently from e. 

Proof We construct a C°°-metric of E on [Jp^jj{Up — {-P}), by applying the construction given in Subsection 
SXHto {E, F,]D)^)|c/p for each P £ D, and then we prolong it to a C°°-metric of on C - I 

Let i?(det /iq°'') denote the curvature of the metrized holomorphic bundle det{E, d" , h^''), where d" denote 
the (0, l)-part of D'*'. Since deth'^^ gives the harmonic metric around D due to our construction, R{deth'^^) 
vanishes around D. We also have / R{deth'^^) = —2'k\/—\ ■ par-deg(£', F) = 0. Let us take the C°°-function 
Xo on C and satisfies the equality rank(i?) • ddxa + i?(det(/iQ°^)) — 0. We put := ■ exp(xo)- Then, 
i?(det — 0, i.e., det/i|^'' is a harmonic metric of dct(_E,D'^). Let Xe be the functions determined by 
det(/i|°^) = det(ft,Q''') • exp^rank(£') • ■ The following claims immediately follows from Lemma [4. 121 

• Xe ^-nd — Xc a-re bounded on C, independently from e. 

• Xe — > in the C°°-sense locally on C ~ D. 

We put h[l^ := h^^^ ■ exp(xc), which is the metric of E^q-d- 
Lemma 4.13 The following claims are easy to check. 

• h^^ is adapted to the parabolic structure F^'^-' . 

• h^^ — > h^^ in the C°° -sense locally on C — D. 

• G{h^^) is uniformly bounded with respect to {u!e,h^^). 

• det h^^ is harmonic, and we have det h^^'^ = det . 

In other words, they give initial metrics for {E, i^*-'^-' , D^) in the sense of Lemma \3.18\ and their pseudo curvature 
satisfy some uniform finiteness. I 



(0) 
in ■ 



4.5.2 L^-finiteness of the sequence 

Due to Proposition 12.331 we obtain the harmonic metrics /i^'^-' for (i?, i^*-"^-*,©^) such that deth^'^^ = det /i. 
Due to Lemma 12.341 we have the following inequalities for any e: 

M^Mlh(^^)<0. (74) 

Let s^^^ be determined by /i^^^ = h'^nS^'^\ Due to Lemma [2.451 ([74|) and dets^*^) = 1, there exists a positive 
constant A which is independent on e, with the following property: 

\s^'^\^i.j < A, < A (75) 

Let be the operator obtained from D'^, uJc and h'l'^ as in Subsection l2.2.1l We have the following equalities: 

A^^ trsW = -^tr(s(^)A^^G(/il^^)) + V^tr(A^^©^s(^) • {s^'^^ ■B^*s^''>y 
See Remark [121 for A;^ . 
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Lemma 4.14 We have J A^^ trs^^^^ dvol^^^ = 0. 

Proof Let g be a C°°-Kahler metric of C. We have only to show J tr s^'^'> dvolg = 0. We have the following: 



,g 



Since |tr(s(^)AgG'(/i-^^)) | is 0(|2;|'^ we can take a bounded function such that Aga^ = |tr(s'^'^)AgG'(/i,-^'')) | . 
Hence, we obtain Jx-dI^^^'''^ ■(^'''^)'^^^\hM 

< oo, due to Lemma 2.2 of [37]. Since s*^'^^ is bounded with respect 
to h^'^\ we obtain jl^'^s^'^ |^(^) ^ < oo. Then, it is easy to obtain the vanishing / A;^^ tr s*^'^-' dvol^^ = by 

Stokes formula and Lemma 5.2 of [35]. I 

Then, there exists a positive constant A' such that the following holds: 

j^sM .s(')-i/2|2 dvoL <A'. (76) 

In particular, we obtain ||D'^s'^'^ ^ ^(e) is bounded for < e < eo. 
4.5.3 The end of the proof of Proposition [471] 

Let Q be a point of C — £>. Let {U, z) be a holomorphic coordinate around Q such that z{Q) — and 
U A — {z\\z\ < 1}. We use the standard metric g ^ dz ■ dz of U. The harmonic bundle {E, D'^, /i^'^^) induces 
the Higgs bundle {E, 8^,9^). We have 9^ = fe ■ dz on U. On the other hand, we also obtain din,e and 9in,e from 
(i?, D"^, although din,e{9in,e) = is not satisfied, in general. Let S[„ ^ be the (1, 0)-operator obtained from 
/i-^^ and d", as in Subsection l2.2.1l Then, we have the relation: 

.(.(^)-^.C.^^^^). (77) 



^ 1 + |A|' 

Due to ([75]) . ([75]l and (|77|) . there exists a positive constant Co such that Jjj \fe\f^(^) dvolg < Cq holds for any 
< e < eq. Hence, the following inequality holds for some positive constants Ci {i = 1,2,3) and for any 
< e < eo: 

/ log IMl^, dvolg <Ci+ f C2- \Ml.> dvolg < Cs. (78) 
Ju Ju 

Recall the fundamental inequality for the Higgs field of a harmonic bundle [37] : 



A,log|/,|^<, <-M_4^<0. (79) 



\fe 



Due to ((78)) and ([79]) . there exists a positive constant C4 such that the following holds for any Q' e [/(1/2) :— 
{\z\<l/2}: 

|/e(Q')|?4) <C4. (80) 

By using (|77p . we obtain that (5^„ ^s*^'^-' is uniformly bounded with respect to (wc, h[l^) on C/(l/2). 

Since is the adjoint of 9^, we obtain the uniform boundedness of 9l on [/(1/2). Let 5f„ ^ be the operator 

obtained from hl^^ and d' as in Subsection 12.2.11 where d' denotes the (l,0)-part ofD^. Then, we also obtain 
the uniform boundedness of (5f„ ^s'-'^^ on C/(l/2). Hence, B^„*gs'^'^) is uniformly bounded on C/(l/2), where 

^fn,e = Slucc wc havc d" = A^^ ((5,;;^ ,^ + (1 + 1 A|2)6'|„ J andd' = \6l^^^ + {1 + \X\^)9,^,„ we also obtain 

D^s(^) is uniformly bounded on U{l/2). Recall the formula ro^D,^„*s(') = s^''> ■ G(/i|^^) + D^s(^) • s^') • B^^s'-'^l 
Thus ro'*'D^„*s^'^-' is also uniformly bounded on [/(1/2). Therefore, {s*-'^-*} is L2-bounded for any p > I and 
?7(l/2). By taking an appropriate subsequence (e^), s^''^ weakly converges to some s in locally on C — D. 
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It is easy to see that • s is a harmonic metric. We have dets — 1. We also have the boundedncss of s 
and with respect to h^^} . Thus, we have • 5^= i.e., the sequence {/i^'*'} converges to h^'^^ weakly 
in L2 locally on C — D. 

Although we take a subsequence in the above argument, we can conclude that ft^*^^ converges to weakly 
in L2 locally on C — I?, due to a general argument. We can also obtain the C°°-convergence by a standard 
bootstrapping argument. In the above argument, the convergence of {^^'^■'} is also proved. I 

Remark 4.15 As for the proof of Provosition 14.21 we take a C°° -metric hin of (E, F,3^) such that each 
restriction /ij„ | is an initial metric. Let s he determined by hn = hin ■ s. By applying the same argument, we 
obtain the continuity of s. Similarly for 9 h ■ I 

5 The existence of a pluri-harmonic metric 

We will prove our main existence theorem of pluri-harmonic metric for parabolic A-flat bundle, which is adapted 
to the parabolic structure. (See Subsection 3.3 of |31j for the adaptedness.) 

5.1 Preliminary 

Let C be a smooth projective curve with a simple effective divisor D. Let {E, F, D'^) be a stable parabolic A-flat 
bundle on (C, D) with par-deg(£^, F) — 0. For each P E D, let {Up, z) be a holomorphic coordinate around P 
such that z{P) = 0. Let i^'^-* be an e-perturbation as in (II) of Subsection 12 . 1 . 61 for e = m~^. We have h'^^ be 
harmonic metrics for (E, F^'^\D'^). We assume deth'^^ = deth'^\ As shown in Proposition 14. 1[ /iq'^'' converges 
to /Iq°^ in the C°°-sense locally on C — D. Let be a large positive number, for example N > 10. In this 
subsection, we use Kahler metrics (/e (e > 0) of C — which are as follows on Up for each P E D: 

F I 

We assume that {g^} converges to go for e — > in the C°°-sense locally on C — D. 
Proposition 5.1 Let ft,'-'-' (e > 0) be hermitian metrics of E\c-d with the following properties: 

1. Let s''-* be determined by ft^'-' — ftp*^^ • s^'-'. Then, s'^'^ is bounded with respect to h^\ and we have 
dets*^'^ — 1. We also have the finiteness ||l])'^s^'-' [[^ ^(s) ^ < 00. (The estimates may depend on e.) 

2. We have ||G'(ft('))||2,h('),3, < 00 and lim.^o l|G(ft('))||2,ft(.),g, = 0. 
Then, the following claims hold. 

• The sequence {s*-'-*} is weakly convergent to the identity in L\ locally on C — D. 

• {suppgp_pi |sj"p |^(,) I e > 0} and {suppgp_p l(*'''^'')|p^l;j(') | ^ > O} '^'^^ bounded. 

Proof To begin with, we remark that we have only to show the existence of a subsequence {s^'*^} with 
the desired properties as above. We put P'^' ||^ ^jt) '■— suppgc'-D|^|p l/jt')- Foi" ^"^y point P e C — Z?, let 

SE{s^'^^){P) denote the maximal eigenvalue of sfp. There exists a constant < Ci < 1 such that Ci • |sfp | (,> < 

I ''0 

SE{s^'^^){P) < |s|p|^(5). We have detS|p = 1. Hence, it is easy to see logtrS|p > logrank(i?) > 0. We also 
have SE{s'^'^){P) > 1 for any P. 

Let us take 6, > satisfying 2 < b, ■ sup SE{s'^'^){P) < 2 + e. We put = fe^s^'^ and ft(') := ft[,'^ • s'-'l 
Then, s^'^ are uniformly bounded with respect to h^^^ We remark G(ft'-'^) — G(ft'-'^). We also remark that ft^'^ 
and ft,^'-' induce the same metric of End(i?). 
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Lemma 5.2 After going to an appropriate subsequence, {s^*^*^} converges to a positive constant multiplication, 
weakly in L\ locally on C ^ D . 

Proof We have the foUowing (Subsection I2.2.5P : 

yOi'^o 

We can show J A^^^ tr s^'^' -dvolgo = 0, by the same argument as the proof of Lemma l4.14l we obtain the foUowing 
inequahty from (|8ip and the uniform boundedness of s^'^-' : 

= A- /|trA,,G(/iW)|.dvol3, <A'-||G(ft(^))||2~, (82) 



In particular, we obtain the uniform estimate ||D'''s'^'^^ [[^ ^ ^(,) < A" ■ \\G{h^'^'')\\^ ^ . Therefore, the sequence 

{s^'^-'} is L^-bounded on any compact subset of G — L*. By taking an appropriate subsequence, it is weakly 
Lf-convergent locally on G — I?. Let 3^°°^ denote the weak limit. We obtain D^s(°°) — 0. We also know that 
s(°°) is bounded with respect to h^K Therefore, 's^°°'^ gives an automorphism of {E, F, D'^). Due to the stability 
of {EjF,!}^), 8^°°^ is a constant multipHcation. 

We would like to show s^°°^ ^ 0. Let us take any point Qc £ C — D satisfying the following: 

SE{s^^^){Q,)>^- sup 5i?(s('))(P). 

Then, we have logtr s('^^((5c) > log(9/5). By taking an appropriate subsequence, we may assume the sequence 
{Qt} converges to a point Qoa- We have two cases (i) Qoo & D (ii) Q^o ^ D. We discuss only the case (i). The 
other case is similar and easier. 

We use the coordinate neighbourhood ([/, z) such that z{Qoo) = 0. For any point P E U, we put A(P, r) := 
{Q e U \ \z{P) - z{Q)\ < r}. When e is sufficiently small, Qe is contained in A((3oo, 1/2) = {\z\ < 1/2}. Let 
g = dz ■ dz denote the standard metric of U. We have the following inequality on U — {Qoo} (see Subsection 
[2X5)1 : 

A,Mogtr3<^) < |A,G(/i(^))|^,.,. (83) 
Let B'^'^^ be the endomorphism of E determined as follows: 

G(/;w) = G(/i(^)) = • 

|z|2 

Then, we have the following estimate for some constant ^ > which is independent of e: 

(e--^|.|- + I.P)-^^ < ^/|G(/J(^))|J<.,^ dvol,. . 

Here A denotes a constant independent of e. Due to Proposition 2.16 in [31], there exist w*^*^^ such that the 
following inequalities hold for some positive constant A' which is independent of e: 

Then, we have A^ (log tr s^'^^ — w^'^^) < on [/ — {Qoo\- Since logtrs^'^^ — t;'^^ is bounded from above, the 
inequality holds on U . Therefore, we obtain the following: 



logtr3<')(Q,) - v^'\Q,) <A"- / (logtrS<^) - v^'A ■ dvol 
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Here A" denotes a positive constant which is independent of e. Then, we obtain the foUowing inequahties, for 
some positive constants C'i (z = 1, 2) which are independent of e: 

log(9/5) < logtr^^)(gO < Ci • / logtr^^) • dvolg +C2. 

JA{Q,A/2) 

Recall that logtrs^^*^) are uniformly bounded from above. Therefore, there exists a positive constant C3 such 
that the following holds for any sufhcicntly small e > 0: 

/ -min(0,logtrS<'^)) -dvolg < C3. 

Due to Fatou's lemma, we obtain the following: 

/ -min(0,logtr5<°°)) • dvolg < C3. 

Ja(Q^,1/2) 

It means s^°°^ is not constantly on A(Qoo,l/2). In all, we can conclude that 5''^°°^ is a positive constant 
multiplication. Thus, the proof of Lemma l5.2l is accomplished. I 

Let {s^'*^''} be a subsequence as in Lemma 15.21 It is almost everywhere convergent to some constant multi- 
plication. Then, we obtain that the sequence {dets'''^') = &^«|-"k£; . idjj;,^^^)} converges to the positive constant. 
In particular, {be^} is convergent. Therefore, the sequence {s*-'^'^} is convergent to the identity. Thus we are 
done. I 

Corollary 5.3 

• The sequence {^^'^} is convergent to hl^^ weakly in L\ locally on C — D. 

• The sequence {D^s^'^-'} is weakly convergent to in locally on C — D . 

• The sequence {O^"^^} converges to 9^^"^ is weakly convergent to in L? locally on C — D. 

• In particular, the sequences are convergent almost everywhere. I 



5.2 The surface case 
5.2.1 Statement 

Let X be a smooth projective surface with an ample line bundle i, and let Z? be a simple normal crossing 
divisor with the irreducible decomposition D — Uies^i- We put X* := X — D. Let c be any element 
of Let {E,F,lDi^) be a /ii-stable c-parabolic A-flat bundle on {X,D) with trivial characteristic num- 

bers par-deg^(£', F) — J-^par-ch2{E,F) = 0. Recall that we have already known pa,i-Ci{E,F) — due to 
Bogomolov-Gieseker inequality and Hodge index theorem (See Corollary 6.2 of [31].) Hence, we can take the 
pluri-harmonic metric /idet(_E) of the determinant bundle det(£', i^, D^). The purpose of this subsection is to 
show the following existence theorem. 

Theorem 5.4 There exists a tame pluri-harmonic metric h 0/ D'^)|x* with det{h) — h^etE which is adapted 
to the parabolic structure. 

The proof will be given in the rest of this subsection. 
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5.2.2 The sequence of Hermitian-Einstein metrics for the e-perturbations 

Let -F*-'^-' be an e-perturbation as in (II) of Subsection 12.1.61 If e is sufficiently small, {E,F^'^\3^) is also /in- 
stable. We also have par-Cj^ (£;,f(')) = par-Ci(£;,F) = 0. Since {E, F^'^\D^) is graded semisimple and satisfies 
(SPW)-condition, we can apply Proposition 13.191 Let h'^'^^ be the Hermitian-Einstein metric for {E , F^'^\j])^) 
with respect to w^, such that det /i'*^^ = /idot(£;) and Aij_,G(/i '•'•') — (Proposition 13. 19| . 

Since h^ct{E) is pluri- harmonic, we also have tiG{h'-^'^^) = 0. Therefore, we have the following convergence: 

r-r\ 2 r / r-r^ ^ 

'-1 \ / I i2 , , / V-1 



/ IGC^^'^)!^.),.. dvoU = / tr(G(/.(^))2) = 2(1 + |Ap)' • par-ch2(i?, F'^)) 0. (84) 



2n 

We would like to discuss the limit of ft.^*^-* for e 0. 
5.2.3 Convergence on almost every curve 

Let i™ be sufficiently ample. We put ¥„, := P(i?°(X, L")^) . For any s G P™, we put Xs := s"HO)- Recah 
Proposition l2.9[ and let U denote the Zariski open subset of Pm which consists of the points s with the following 
properties: 

• Xs is smooth, and X^ n 13 is a simple normal crossing divisor. 

• (£;,F,D^)|x, is /fL-stable. 

If e is sufficiently small, we have U 

We will use the notation X* := Xs \ D and Dg := Xg n 13. We have the metric uj^^s of X*, induced by 
Wf. The induced volume form is denoted by dvol^. We put (i?<,,Fs,D^) := {E,F ^'U^)\Xs- We have the metric 
/ij-^, of Es\x-- Since (iS^, F^.'^-', D^) are also stable for any point s GlA, we have the harmonic metric h^s'' of 



{Es, F^s\li^) with det /is = h^^t e\X'- Let Us be the endomorphism of E\x' determined by — hi ■ ui . 
For a point x e X*, we put Ux :— {s £ U \ x £ Xs}- We put Z := {x <E X* | Z//a; = 0}. We remark that Z is a 
finite set. Let us fix a sequence — > 0. We often use the notation "e" instead of "e^", for simplicity of the 



description. Let ■— 



Lemma 5.5 For almost every s £lA, the following holds: 
• We have the following convergence when e > Q: 



|G(/»[l)|'w,.,dvol,— .0. (85) 



• For each e, we have the finiteness: 
Let U denote the set of s for which both of (j85p and (|86p hold. 

Proof It can be shown by the same argument as the proof of Lemma 9.3 of [3T]. (Z2 should be corrected to 
{(a;,s,t) eXxUi xB\{ts2 + il-t)s){x) = O}.) I 



We obtain the following claims from Proposition 15. II and Corollarv l5.3l 

Corollary 5.6 For any s €zU, the sequence {/i|^.} converges to /li"' weakly in L\ locally on X*, and {^[^.j 
converges to ^i"'' weakly in locally on X* . In particular, they are almost everywhere convergent. 

Proof It follows from Lemma [53] and Proposition (571] I 
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5.2.4 The construction of a metric defined almost everywhere 

Let us take any Kahler form lo^^^^ of P,„. We put Z :— {(s, x) E U x X* \ x E Xg}- Then, we have the induced 
metric of Z. The induced volume form is denoted by dvol^. Let T denote the set of {s,x) E U x X such that 
{s,x) E Z and hme^o = 

Lemma 5.7 The measure of T'^ :~ Z ~ T is with respect to dvol^:. 

Proof Let us consider the naturaUy defined fibration Z — > U. Then, the claim follows from CoroUarv 15.61 
and Fubini's theorem. I 

Lemma 5.8 For almost every x E X* and almost every s E Ux, the sequence {/ii^"*} converges to h^^^^^. 

Proof Let us consider the naturally defined fibration T — > X*. Then, the claim follows from Lemma [5771 and 
Fubini's theorem. I 

Let V denote the set of a: e X* such that the sequence {/ii^"*} converges to h^^^^ for almost s eUx- For any 
X EV, let Ux denote the set of s such that converges to hf^^. 

Lemma 5.9 For any x eV and for any Si E Ux {i — 1, 2), we have ^ = ^. 

Proof Both of them are same as the limit lime_+o hi^\ I 
Let us take any x E V and any s E Ux- Then, the metric hx of E^x is given hy hx ■— h^^\x- Due to Lemma 



15.91 it is well defined. Thus, we obtain the metric h\! := (hx | x e V) of i?|v. 
5.2.5 The C^-property 

We would like to show that /ly is on X* — Z, in other words, we would like to show the existence of a 
C^-metric h of E^x'-z such that h — on V. Let us begin with a preparation. 

Lemma 5.10 Let x E X* — Z. Let us take any s E Ux- Then, there exists a Lefschetz fibration Lp : X — > 
with the following properties: 

• x is not a singular point of ip. 

• ip-\0)^Xs- 

• Almost every t E belongs to U- 

Proof Let M denote the set of the lines £ of P,„ which contain s. We put as follows: 

P,„ ^ {{I, S') E M xVra\s' E 1} ^ M X Vm- 

It is the blow up of P^ at s. We have the projection 1:2 : Pm — * Pm- We put U := tt2^{U) and U := Tr2^{U)- 

Since U —U has measure 0, the measure of Pm — U is also 0. Let us consider the projection tti : P,„ — > A4, 

and apply Fubini's theorem. Then, for almost every £ E A4 and for almost every si E £, we have si E U. Thus 
we are done. I 

Let X be any point of X* — Z- Let us take a Lefschetz fibration tt^ : Xi — > P^ {i — 1, 2) with the following 
properties: 

• Both of them satisfy the properties in Lemma [5. 101 

• Around x, the fibers of vri and 7:2 are transversal. Then, two fibrations give the holomorphic coordinate 
[zi, Z2) of an appropriate neighbourhood Ux of x, such that {zi = a} = 7:^^{a) n Ux- 
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For any ti G P-'^, let Xt- := Tr~^ (ti). If ti are close to 0, (E, F, B)^)\Xt- ^-re stable, and hence there exist tame 
harmonic bundles ht^ for {E, F,'B)^)^Xt. such that det(ft.t.) — ^dct(£;)|Xt. • Let Ot^ denote the operator obtained 
from Dj^^ and ht^ as in Subsection 12.2.11 

Let us take an appropriate neighbourhoods Bi C of 0. Recall Proposition 14.21 Then, {ht^ | ti G Si} are 
C°°-along Z2, and it is continuous with respect to (zi,Z2). The family {9t^ | ii G -Bi} has a similar property. 
Thus, we obtain a continuous metric h^^^ and the continuous section S^^^ of End(i?) (g) around x. Similarly 
{ht2 I ^2 S i?2} is C°° along zi and it is continuous with respect to (zi, Z2). The family {6t2 \ ^2 G B2} has a 
similar property. Thus, we obtain a continuous metric /i'^^ and the continuous section 0*^^^ of End(i?) (Xi 
around x. 

We remark that /i^^^ — h\; — h^"^^ on C/j^ n V due to our construction of /ly- Since h'^^^ are continuous, we 
obtain h^^^ = /i^^) on U^. Then, we obtain that /i*^*' are on [/j;, due to the continuity of 6^'^\ 
Therefore, we obtain the C^-metric h oi E on X* — Z with the following properties: 

• ft.|v = 

• For any s U, we have h\x; — hg and 6fi\x* = Ohs ■ 



5.2.6 Pluri-harmonicity 

We would like to show that h is pluri- harmonic. By the formalism explained in Subsection 12 . 2 . Il the operators 
dh and 9h are given on X — (D U Z) from h and D^. Let us take any C°° metric h' oi E on X — D, and let s' 
be the endomorphism determined hy h = h' ■ s' . Then, s' is C^, and we have the following relation: 

Then, we obtain dhOh as a distribution: 

dn9,^d„e,, ^A_d,,{.s'-'S',,s') + -A_[,'-is'^,s\ e„] - (y^)' [s'-X's', s'-Xs']. 

Similarly, we obtain G{h) as a distribution. 
Lemma 5.11 dhOh = 0. 

Proof For any point x G X* — D, let us take the holomorphic coordinate (zi, Z2) as before. We remark that 
the curves {zi = a} (i = 1, 2), {zi + Z2 ~ b}, {zi + \J—\z2 = c} can be regarded as parts of Xg' for some s' G U. 
We have the expression = fi ■ dzi + f2 ■ dz2, where fi are continuous sections of End(£'). We have already 
known dfi/dzi = 9/2/(^2 = 0. Thus, we have only to show dfi/dzj = for i 7^ j. Let us consider the change 
of the coordinate given by wi = zi + Z2 and W2 = zi — Z2. Then, we have the following: 

/i • dzi + /2 • dz2 = ^(/i + h) ■ dwi + ^(/i - /2) • dw2- 
Thus, we obtain the following: 

Let us consider the change of the coordinate given by ui = zi + \/—\z2 and U2 = zi — ^—lz2. Then, we have 
the following: 

/i • dzi + /2 • dz2 = i ^/i + -^=}-^ dui + i ^/i - -^=f^ du2. 
Thus, we obtain the following: 



dui V 7 2 \dzi ^dz2 V 7 2 V V^^i V^9z2 
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From ([57)1 and ([55]) . we obtain dfi/dzj — for i ^ j. Thus, wc obtain dhOh = 0, and the proof of Lemma [5. Ill 
is accomplished. I 

Lemma 5.12 h is a harmonic metric for (£', D^) with respect to luq on X*~Z . (Recall Z = |x G X* \ lAx = 0} .J 

Proof Due to Lemma [5. Ill we have h.^G{h) = ^^^{dhOh) — 0. Hence, we have only to show that h is C°°. We 
obtain the following formula in the level of distribution, by the formalism explained in Subsection 12.2.51 



A^,Js') = s'(-A^G(/i')) + V^A. 



The right hand side is C'^. Hence, by using the elliptic regularity and the standard boot strapping argument, 
we obtain that s' is C°°. Thus, we obtain Lemma [5. 121 I 



Lemma 5.13 h is pluri-harmonic metric of E^x- 



-z- 



Proof We have already shown dhfih = in Lemma (5.111 Because of Corollarv I2.27( we have only to show 
^2 = 0. Due to Corollarv 15.61 and Oh\x^ = ^s: we know that the sequence {O'^'^^} converges to Oh almost 
everywhere. In particular, we obtain the almost everywhere convergence of {6l(')2} to On the other hand, 

we know the almost everywhere convergence G(/i(")) — > 0, due to ((84]). We have G'(/i("^) = a^'''^+a^'''e'(''+6'(''2, 
which is the decomposition into (2,0), (1, 1) and (0, 2)-forms. Therefore, we obtain 9\ — 0, almost everywhere. 
Thus, we obtain Lemma [5. 131 I 

Lemma 5.14 h gives a pluri-harmonic metric of E\x' ■ 

Proof We have only to check that h gives a C°°-metric of E\x'- Let Q be a point of Z . Let ([/, zi, Z2) be a 
holomorphic coordinate around Q such that zi{Q) = Z2{Q) — 0. The pluri-harmonic metric h of (i?, D'*')|(7_{Qj 
is given. We would like to show that h is naturally extended to the pluri-harmonic metric of {E,Ii^)\ij. 

We have 9 — fi-dzi + f2-dz2 defined on U — {Q}. Let us consider the characteristic polynomials det(i — /i) for 
i = 1,2. The coefficients are holomorphic onU— {Q}, and thus on U due to the theorem of Hartogs. Hence, the 
eigenvalues of fi are bounded on U. Let us consider the restriction of {E,IS^, h) to the discs C{a.j) :— {zj = aj} 
{aj 7^ 0) for j — 1,2. Then, it can be shown that the norms |/i|c(aj)|,j < G (z 7^ j) can be dominated 
independently from aj. (See Lemma 2.7 in |38| . for example.) Thus, fi are bounded with respect to h on 
U — {Q}- In other words, 9 is bounded on J7 — {Q}- 

Let E' := E^u^^^^.^^^Q-j. Let us consider the sheaf on U of the sections satisfying the growth condition 
I5U = 0(J| for any e > fSubsection 12.5.3]) . By using the result of the asymptotic behaviour of tame 

harmonic bundle at A ([30 ), ^E' is locally free on U. Since and E^u_^Qj are naturally isomorphic on U—{Q}, 
they are isomorphic on U. Let h' be any C°°-metric of E^u, and let s' be the endomorphism determined by 
h = h' ■ s' . Due to the norm estimate given in [30 , the metrics h and h' are mutually bounded. Hence, s' 
and (s')~^ ^I'G bounded on U. Let S'/^, and (5^', be obtained from and h' as in Subsection 12.2.11 Due to the 
boundedness of 9, we have the boundedness of (s')^^(5^,s' on U — {Q}. Due to the boundedness of 9\ we have the 
boundedness of (s')^^(5^',s' on [/ — {Q}- Then, we can deduce that s'^^D'^s' is also bounded on U ~ {Q}- (See 
Subsection 12.2.51 for example.) Since we have the formula A^, ^^s' = s' {-A^„G{h')) + A^gDf^,s' ■ s'^^ ■ Bf/s', 
we can conclude that s' is C°° due to the standard bootstrapping argument. Namely, h is extended to the 
C°°-metric of I 

5.2.7 The end of the proof of Theorem 15.41 

Now, we have only to show that h is tame and adapted to the parabolic structure. Since h^x^ = for any 
s G U, the tameness immediately follows from the curve test. (See Proposition I2.49h Then, we obtain the 
prolongment E := c-E with the induced parabolic structure F fSubsection 12.5.3]) . We would like to show that 
(iiJ, i^,D'^) and (EjF,!])^) are isomorphic. For that purpose, we see that the identity E^x' — ^ E^x* can be 
prolonged to the homomorphism ^ : E — > E. Let Q be any smooth point of Di C D. We take a holomorphic 
coordinate (Uq, zi, Z2) with the following property: 
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• The curve z^^{0) is same as Uq n D. 

• The curves C{b) Z2^{b) are parts of Xsj-j) for s(b) e U. 

Let / be a holomorphic section of E^jj. Since the restriction h\x^^^y is the same as ^.^(ti), we have \f\c{b)\h = 
Odzil^^'^*^) for any e > 0. Then, we obtain \ f\h = Od^i 1^^'^*^) for any e > 0, due to the result given in [3D]. 
Thus, / naturally gives the section of E on U. Therefore, we obtain the morphism E — > E on X— (Ui^jDiDDjy 
It is naturally extended to the morphism E — > E. 

Recall that the restriction of = cE{h) to Xg is same as c{E\Xs ){IT's)- (See [SD]-) Therefore, the restrictions 
of ^ to Xs are isomorphic, by construction. Hence, is isomorphic on X — (Ui^^j ^ ^j)^ ^^^"^ t\axs on X. 
By a similar argument, we can show that the parabolic structures are also same. Thus, the proof of Theorem 
15.41 is finished. I 



5.3 Correspondences 

5.3.1 Kobayashi-Hitchin correspondence in the higher dimensional case 

Let X be a smooth projective variety of dimension n [n > 3) with an ample line bundle L, and let D be a 
simple normal crossing divisor with the irreducible decomposition D = [J^^g Di. Let {E^,,B>^) be a /ii-stable 
regular filtered A-flat bundle on {X, D) in codimension two with trivial characteristic numbers par-deg^(£^,) — 
par-ch2 = 0, and we put {E,I])^) := {E^:,J])^)\x-d- Recall par-C]^(£J*) = due to the Bogomolov- 

Gieseker inequality and the Hodge index theorem. For each c G , we have the determinant line bundle 
det{cE) of torsion- free sheaf cE, on which we have the induced parabolic structure and the induced flat A- 
connection. Thus, we obtain the canonically determined regular filtered A-flat bundle (det£J*,D'^) on {X,D) 
of rank one. We also have par-Cj^ (det = par-C]^(£J*) = 0. Therefore, we can take a pluri-harmonic metric 
hdctE of (det(i?), D'^) which is adapted to the parabohc structure of deiE^. By the assumption, we have a 
subset Z C D with codimj)s:(Z) > 3 such that {E■^,,I])'^)\x-z is a regular filtered A-flat bundle. 

Theorem 5.15 There exists the unique tame pluri-harmonic metric h of {E,I}>^) with the following properties: 

• det(ft,) = hdctE- 

• It is adapted to the parabolic structure ofE^, on X — Z . Namely, {E^,(h),D'^)\x-z — {E*,V)'^)\x-z , where 
{E^{h),I])^) denotes the regular filtered X-flat bundle on {X,D) obtained from {E,3^,h). (See Subsection 

Proof Due to Mehta-Ramanathan type theorem fProposition 12. 9p . the uniqueness can be easily reduced to 
the dimX = 1 case, by considering the restriction to the generic curves C C X. We have already known it 
(Proposition I2.53P . 

We will use the induction on the dimension n to show the existence. The case n = 2 has already been shown 
(Theorem [531). Assume that is sufficiently ample. We put ¥„, := P{H°{X, L"^y). For any s S P,„, we put 
Xg '■— s~^(0). Recall Proposition 12.91 Let U be the Zariski open subset of P„i which consists of s G P,„ with 
the following properties: 

• Xs is smooth, and Dg Xg n D is a normal crossing divisor. 

• The codimension of Z n Xg in Xg is larger than 3. 

• {E,^^)\x^ is /iL-stable. 

We use the existence hypothesis in the {n — l)-dimensional case of the induction. Then, we may have the 
tame pluri-harmonic metric kg of {E,I])^)\Xs\d with det{hg) = hdctE\Xs\D which is adapted to the parabolic 
structure on Xg \ W . We also use the uniqueness result in the (n — 2)-dimensional case. Then, we can show the 
existence of a finite subset Z' C X ~ D and a metric h of E\x~d such that hg\p = h\p. By the arguments given 
in Subsections I5.2.5f[5?2?f[ we can show that h is the desired metric. The only different point is the argument 
to show the vanishing of G{h) = 0. Due to AmiXg > 2, it can be shown easier. I 
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Theorem 5.16 Let X, D and L be as above. Let (£J*,B^) be a saturated ii^-stable regular filtered X-flat sheaf 
on {X,D) with the trivial characteristic numbers par-deg^(£J*) = par-ch2 ^(.E,) — 0. We put (i?,D^) :— 
{E^,,I}^)^x~D- Then, there exists a pluri-harmonic metric h of {E,I}^) such that the induced regular filtered X- 
fiat bundle D"^) is isomorphic to D^). Such a metric is unique up to positive constant multiplication. 

In particular, E^ is a filtered bundle. 

Proof Since a saturated regular filtered A-flat sheaf is a regular filtered A-flat bundle in codimension two 
fLemma l2.12p . we may apply Theorem 15. 151 Then, there exists a pluri-harmonic metric h and a subset W d D 
with codimx(W^) > 3 such that the induced regular filtered A-flat bundle B'^) is isomorphic to (£^*,B'^) 

on X ~ W. Since both of {E^,{h),IS^) and are saturated, they are isomorphic on X. I 

5.3.2 The equivalence of the categories 

Let C^°'^ denote the category of /i^-stable regular filtered A-flat bundles (£^*,B'^) on {X,D) with the trivial 
characteristic numbers par-deg^(£^*) — par-ch2^(-E») — 0. Morphisms / : (£'i*,ID)i) — > (£^2*,B2) are 
defined to be Ox-homomorphism / : Ei — > E2 satisfying D2 o f — f oD^ and /(c-Ei) C for any c. 

Corollary 5.17 Let Xi {i — 1, 2) be two complex numbers. We have the natural functor Sai,A2 ■ C^°'^ — s- C^°'^, 
which is equivalent. It preserves direct sums, tensor products and duals. 

Proof Let {E^\I]i^^) be an object of C^°'^. We put E^^ := E^l,. We have a pluri-harmonic metric h of 
ED^i ), which is adapted to the parabolic structure. Then, we obtain the operators dh,dh,6h,dl^, as in 
Subsection 12.2.11 Note that the holomorphic structure of E^^ is given by dh + Ai6'j^. The (0, l)-operator 
dh + ^20h also gives a holomorphic structure of C°°-bundle E^^ . To distinguish them, we use the notation 
E^'^ , when we consider the holomorphic structure dh + X20j^. We put B"^^ := dh + 0h + ^2{dh + which 
gives a flat A2-connection of E^^ . The metric h is pluri-harmonic for {E^^ , B'^^ ) . Since the corresponding Higgs 
bundle for {E^^ , D^i , h) and (E'^^ , D^^ ^ /j) 

are same, we obtain the tameness of (£^^2 , B^^ , /i). Therefore, we 
obtain the prolongment (E^'^ , B^), which are /i^-polystable regular filtered A2-flat bundle on {X, D) with trivial 
characteristic numbers fProposition l2.52"l) . 

We remark that (£J'^^,B'^^) is independent of a choice of h, due to the uniqueness in Proposition 12.531 
Therefore, we put 'E.\^^\.^{E^^ {E^'^ ,0^^). It is easy to see that Sai,a2 gives a functor. It is also easy to 

see that S>,2_Ai °Sai,a2(-E^^ ; B'^i) is naturally isomorphic to D'*'i). The compatibility with the direct sums, 

duals and tensor products are obtained from the corresponding compatibility statements of the prolongments 
for tame harmonic bundles ([30j). We also remark that the categories are semisimple. Thus, we have only to 
compare the objects. I 

Remark 5.18 From a Xi-connection B^^ = d" + d' , a X2-connection is given d" + (A2/A1) • d' . Hence, we have 
the obvious functor Obv : — > This is not same as the above functor 'E.\-^,\^. I 

6 Filtered local system 

6.1 Definition 

6.1.1 Filtered structure 

Let X be a complex manifold, and let Z? be a simple normal crossing divisor with the irreducible decomposition 
D — UiGS ^i- We wiU use the notation := lJ-_^^ n and D° := \ (J^/i T)j. Let £ be a local system 
on X — D. A filtered structure of £ at 13 is a tuple of increasing filtrations (i S S) of C\ij.\£, indexed by 
-R, where Ui denotes an appropriate open neighbourhood of Di. Let U'^ be an open neighbourhood of Di such 
that U[ C Ui, then we have the induced filtration ^T\ui, and the filtration can be reconstructed from ^J-\u'- 
Hence, we define two filtered structures i^T, Ui\i € S) and i^T' , U'i\i € S) are equivalent, if there exists an 
open neighbourhood U[' of Di such that U[' dUif] U[ and '^J^\u[' — ^^\u"- ^ local system C equipped with an 
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equivalence class of filtered structures {^T ., Ui) is called a filtered local system, and it is denoted by £*. We do 
not have to care about a choice of open neighbourhoods Ui. 

Morphisms of filtered local systems f : C\t, — > £2* are defined to be a niorphism / : Ci — > £2 of local 
systems preserving the filtered structures in an obvious sense. We denote by C{X, D) the category of filtered 
local systems on [X, D). 



6.1.2 Characteristic numbers 

We put U* := Ui\D and 'Gr^(£|[/.) := '.Fo(£|c/*)/*-^<o('C|!7*). Since the local monodromy around Di 
preserves the filtration '.F, we obtain the induced endomorphism of * Gt^{C\u*), and thus the generalized eigen 
decomposition: 

'Grf(r|^^) = 0^Gr£t)('Cl^*)- 



We put as follows: 



The parabolic first Chern class is defined as follows: 
par-Ci(/:*) :=-^wt(£*,i)- [A] ei?2(X,i2), wt(£*,i):= ^ a • rank* Grf (£,[;.). (89) 

Here [Di] denotes the cohomology class representing Di. 

Let Irr(£)j fl Dj) denote the set of the irreducible components of Di n Dj. For each P e lir{Di Ci Dj), let 
f/p be an appropriate open neighbourhood of P in X such that Up cUid Uj. We put Up := Up\D. We have 
the two filtrations and of ^\u^- The naturally induced graded local system is denoted as follows: 

^Gv^{L\u},)= ^ Gvf s^{/:\u},), ^ Gvf^. si{L\u},) ■■= ^ iZ' • 



{ai,aj)eR^ 



Here {hi,bj) < {ai,aj) means "6j < a^, bj < aj and {hi,bj) ^ {ai,aj)". We have the two endomorphisms 
induced by the local monodromies around UpdDi and UpdDj, which are commutative. Hence, we obtain the 
generalized eigen decomposition: 

We put as follows: 

Par{C.,P) := {{ai,aj) e | ^ Grf„^,„^)(£|^. ) ^ O}, 

ICMS{jC.,P) := {(a,u;) e R" x C*^ {'^ Gvf^l^{C\ui,) + O}. 
The parabolic second Chern character is defined as follows: 

par-ch2(£*) ■■=\Y, E • ^^^1^' Grf ('^) ' t^*]' 

ieS aeVar(C,,i) 

+ ^EE E E a,.a,.rank^Grf,^,„^)(V.).[P]. (90) 

ieS Pelrr(£)inr>j) (ai,aj)ePar(£,,P) 

When X is a smooth projective variety with an ample line bundle L, we put as follows: 

Ndimx-i „ (r X ._ par-degi(£*) 



par-degj;,(£*) := / par-Ci(A) • Ci(L)'^™^-\ := 
Jx 



rank£ 



Then, the notion of /^i -stability, /Ki-semistability, and /^L-polystability for filtered local systems on (X, D) are 
defined in the standard manner. We also put as follows: 

/ par-c?_i(£») := / par-Ci(£,)2 • ci(L)'^™^-2^ / par-ch2,i(£*) := / par-ch2,i(£*) • c^{L)'^'^''-^ . 
Jx ' J X Jx ' Jx ' 
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6.2 Correspondence 



In this subsection, we give the correspondence of filtered local systems on {X, D) and saturated regular filtered A- 
flat sheaves (A ^ 0). See Subsection l2. 1.41 for saturated regular filtered A-flat sheaves. Since we have the obvious 
equivalence between flat A-connection and flat 1-connection, we only discuss the case A = 1, i.e. ordinary flat 
connections. 

Let Cf (X, D) denote the category of saturated regular filtered flat sheaves on (X, D) . Let us see briefly 
that we have the functor $ : C{X, D) — > Cf"*(X, D) which gives the equivalence. Since it is given by Simpson 
in |37j essentially in the curve case, we give only an outline. 

6.2.1 Construction of $ 

First, we give a construction of <i>. Let be a filtered local system on {X, D). Let {E, V) be the corresponding 
flat bundle on X - D. We have the Deligne extension {E,V) on {X,D). We put E := E ® 0{*D). Thus, 
we have only to give the way of the construction of the Ox-coherent submodulcs aE C E such that VaE C 
(g) r2^'°(logD) and Uogh^ a-^ = ^- Let us consider the case X = A" = {(zi, . . . , z„) | < 1} and 
D — {zi — 0} . Then, the construction is essentially same as that for the case d\mX = 1 given by Simpson |37j . 
We briefly recall it. Let H{C) denote the space of the multi-valued flat sections of C We have the induced 
flltration !FH{C) and the generalized eigen decomposition H{C) = @^^uj{H{C)), which are compatible in the 
sense !Fa = ®^ -^a H E^^ . Let u — {ui , . . . ,Ur) be a frame compatible of H{£) , compatible with {J^, E) . Then, 
for each Ui, the numbers uj{ui) € C* and a{ui) € R are determined by Ui e Ej^(„.) and Ui e ^a{ui) — ^<a(ui)- 
The complex number a(ui) is determined by the conditions exp(— 27ra(Mj)) = uj(ui) and < Rea(ui) < 1. Let 
M" denote the endomorphism of H{C) or £, which is the unipotent part of the monodromy around D, and we 
put N :— — (27r\/— log M". We regard ui as a multi-valued C°°-section of E. Then, it is standard that 
Vi := exp(logzi(Q;(Mi)-|- A^)) -Ui gives a holomorphic section of E. Moreover, v = (vi, . . . ,Vr) gives a frame of the 
Deligne extension i?. Let 6 be any real number. Then, we put rt(6, u^) :— ma,x{n £ Z\ a{ui) — Kea{ui) + n < , 

and we put Vi{b) := . Let bE denote the Ojf-submodule of E generated by vi{b), . . . ,Vr{b). It is 

easy to check that i,E is locally free and independent of a choice of u. It is also easy to see E ~ UbeH bE. 
Thus, we obtain the filtration in the case X = A" and D = {zi = 0}. It can be checked that the filtration is 
independent of a choice of the coordinate (zi, Z2, ■ • • , z„) satisfying D = {zi = 0}. 

For any b G , we obtain ^E on X ~ D^^l by gluing them. The subsheaves bE are determined by the 



Lemma 6.1 i,E is a coherent Ox -'module. Hence, we obtain the saturated regular filtered flat sheaf {E^,V) on 



Proof We may assume that X = A" and D = ljj^]^{zi — 0}. Let H{C) denote the space of the multi- valued 
flat sections of C. We have the monodromy endomorphisms Mi (i = !,...,£) along the loop around Di with 
counter clockwise direction. They induce the decomposition 



where each Ei^H{£) is preserved by Mi (i = 1, . . . ,£), and the eigenvalues of Mi on Ei^H{C) are uji. We also 
have the flltrations {i = 1, ...,£) oi H{£), corresponding to the divisor Di. Each 'JF is compatible with the 
decomposition (^1]) . 

Fix j such that I < j < i. We take a frame u = {ui, . . . ,Ur) of H{£) compatible with the filtration 
and the decomposition (PTjl . For each Up, the tuple u:{up) e is determined by Up e E^. Let ai{up) e C 
{i = 1, ...,£) he determined by exp(— 27rai(up)) = uji{up) and < Reai(itp) < 1. We also have the numbers 
a{up) e R such that Up S ■'^a{up) ~ ^^<a(up)- We put n{bj,Up) := maxjn € Z | aj{up) — Keaj{up) + n < 
Let Ni :— — (27r\/— 1)""^ log M" {i — 1, . . . ,£), where Ni denotes the logarithm of the unipotent part of Mi. We 
take a sufficiently large integer /. Then, we put as follows: 



condition (j4]). 



{X,D). 



(91) 



'P 




Yi^'iTi exp(log Zi ■ {a^iup) -t- Ni)) ■ u. 



'P 
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If / is sufficiently large, Vp gives the section of bE on X. By the correspondence, we obtain the following 
morphism, for j — 1, . . . , £: 

r 

The morphisms {j — 1, . . . ,£) induce the morphism <f> : O®^'^ — > bE. The image of $ is Ox -coherent, and 
it is the same as hE on X -D^^l Then, it is easy to show that hE is the same as the double dual of the image 
of <I> which is Ox-coherent. I 

Let / : £i* — > £2* be a morphism. Let Vi) := <i>(£i). We have the induced map / : Ei — > E2- It 

is easy to see that c£'i|x-£)i2i — > cE2 \ x-Di^t is induced. Due to saturatedness of {E2*,V), we obtain maps 
e^i ^ aE2, and thus $(/) : (-Ei,, Vi) — ^ (£;2*, V2). 

6.2.2 Equivalence 

Let us show that $ is equivalent. To begin with, we consider the case X = A" and D = {zi ~ 0}. Let Ci'^{X, D) 
denote the category of regular filtered flat bundles on {X, D), which is the subcategory of Cf''*(X, D). By the 
construction, the image of is contained in Ci''{X, D). The following lemma can be shown as in [37] . 

Lemma 6.2 The functor $ gives the equivalence of Ci(X, D) andCi^{X,D). It is also compatible with direct 
sums, duals, and tensor products. I 

Lemma 6.3 In the case X — A" and D — {zi — 0} , we have Ci^{X, D) ~ Cj"'*(X, D) naturally. In particular, 
$ gives the equivalence Ci{X,D) ~ Cf"*(X, _D). 

Proof Let (£^*,V) be a saturated regular filtered flat sheaf on {X,D). We put (£^,V) := (£^,,V)|x-d, and 
let C denote the corresponding local system on X — D. Let II{C) denote the space of the multi-valued flat 
sections of £. 

Recall that there exists a subset W C D with codimx(VF) > 3 such that (£J*,V)|x-w is regular filtered 
flat bundle on {X — W,D — W) (Lemma I2.12p . Let P be any point of D — W, and let {Up,zi, . . . ,Zn) be a 
holomorphic coordinate neighbourhood such that z^^{0) = Up O D and Up (IW — 0. Due to Lemma [6.21 we 
have the unique filtration !F of II{C\ijp\£,) ~ H{C) corresponding to V)|[/p. Due to the uniqueness, it is 
independent of a choice of P and U p . 

Let u — . . . ,Ur) be a frame of H{C) compatible with the filtration and the generalized eigen de- 
composition with respect to the monodromy around D. For any real number 6 G ii, we construct v{b) — 
{vi{b), . . . ,Vr{b)) as above. Then, for any P ^ D — W, v{b) gives a holomorphic frame of bE\Up compatible 
with the filtration due to Lemma lOl Hence, each Vi{b) gives a section of bE\x-w- Due to the saturatedness of 
V), Vi{b) gives a section of bE on X. Now it is easy to see that v{b) gives a frame of bE, and in particular, 
bE is locally free. Hence, V) is a regular filtered flat bundle on {X,D). I 

Now, it is easy to see that $ is equivalent for general {X,D). Let us see the fully faithfulness of $. The 
faithfulness is obvious. Let / : <I>(£i *) — > $(£2 *) be a morphism in Cf°*(X, D). We have the map g : L\ — > £2 
corresponding to /. We would like to check that g preserves the filtrations *JF. Let P be any point of D°, and 
([/, zi, . . . , Zn) be any coordinate neighbourhood such that U (1 D = ^(0). Applying Lemma [6.31 we obtain 
that g preserves the filtration on U \ Di. Thus, we obtain the fully faithfulness. 

Let us show the essential surjectivity. Let (£J*,V) be a saturated filtered flat sheaf on {X,D). Let £ 
denote the local system corresponding to V)|x-z)- We have only to construct the appropriate filtrations 

of C\u.\p) on appropriate neighbourhoods of Di. Let P be any point of D°, and ([/p, zi, . . . , z„) denote any 
coordinate neighbourhood around P such that zf ^(0) = Up H D. Due to Lemma [6.2[ we obtain the unique 
filtration of C\Up\p). We obtain the filtration *JF on IJpgjjo Up by gluing them, due to the uniqueness. Thus, 
we obtain that is essentially surjective, and hence equivalent. 

6.2.3 The parabolic first Chern class 

We have the Z-action on Rx C given by n ■ (a, a) = (a + n, a~ n). It induces the action of Z on ICAiS{E^,,i). 
The following lemma is clear from the construction of 
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Lemma 6.4 We have the bijective correspondence of the sets /CA45(<I>(>C,), i)/Z and ICA4S{C^,i), which is 
given by {a, a) i — > {b,(^) = ^a+Rea, exp(— 27r\/— la)^ for (a, a) G /CA^5(<f>(£*), i). Moreover, rank 'Gr^'^j — 
rank'GrJ;^). I 

Corollary 6.5 We have the equality of the parabolic first Chern class par-C]^(£,) = par-C]^((f>(£*)). In particu- 
lar, when X is a smooth projective variety with an ample line bundle L, the fj.^- stability of C^^ and fi^-stability 
of ^{Cf) are equivalent. 

Proof Recall Lemma [3.231 It is shown for the case where (£^*,V) is graded semisimple and dimX is two 
dimensional. However, the graded semisimplicity condition is not necessary as is explained in Remark 13.211 
The assumption dim X = 2 is also not necessary, due to the Lefschetz theorem. Then, the claim of the corollary 
follows from Lemma 13.211 and the correspondence of the KMS-spectrums given in Lemma 16.41 I 



6.2.4 The second parabolic Chern character 

Lemma 6.6 Let X = A" = {(zi, . . . , z„) | |zi| < 1}, and D = DiU D2, where Di = {z^ = 0}. Let V) be a 
saturated regular filtered fiat sheaf on {X, D) . 

• V) is a regular filtered flat bundle on {X,D). 

• Let c be any element of , and let cE denote the c-truncation. Let be the corresponding filtered local 
system on {X,D). Then, we have the equality: 

rank^Grf,;t)(£) = rank^Gr J^^, 

Here the meaning of the notation is as follows: 

— b= (61,62) and u) ~ (^^1,1^2) denote elements of andC*^ respectively. 

a = (01,02) and a — (a\,a'2) denote elements of and respectively, determined by the condi- 
tions Ci ~ 1 < Oi < Ci, exp(— 27rV— Icti) = (^i and Oi + Rea^ = bi. 

Proof Let — {C, , ^T) be as above. Let it be a frame of H{C) compatible with the filtrations (k = 1, 2) 
and the generalized eigen decompositions of H{C). For each uj and the divisor Dj^, the complex number a^iuj) 
and ak{uj) are determined as before. For the monodromies around Dk, we obtain the nilpotent endomorphism 

Nk as before. The holoniorphic section Vj is given by Vj := exp^^ log (afc(Mj) + Nk)^. Let nk{uj) be the 

numbers determined by the condition — 1 < nk{uj) + ak{uj) — Re ak{uj) < Ck- We put Vj := H -^fc • Vj. 

Then, v = (vi,. . . ,Vr) gives the frame of cE\x-{DinD2)- Due to the saturatedness, v — [vi, . . . ,Vr) gives the 
frame of cE, and hence cE are locally free. Thus, the first claim is proved. The frame v is compatible with 
and ^F, and we have '^deg'^{'Uj) = a,k{uj) — Keak{uj) + nk{uj) and Vj\D^ G '^E(afe(uj) — nk{uj)). Thus, the 
second claim follows. I 

Corollary 6.7 Let X be a projective manifold with an ample line bundle L, and let D be a simple normal 
crossing divisor. Let V) be a saturated regular filtered fiat sheaf on {X,D), and let denotes the cor- 
responding filtered local system. Then, we have the equality of the parabolic second Chern character numbers 
par-ch2_i(£*) = Jj^ par-ch2_i(-E*). I 

Corollary 6.8 Let X be a smooth projective variety with an ample line bundle L, and let D be a simple normal 
crossing divisor. Let be a ii^-stable filtered local system on {X, D). Then, the Bogomolov-Gieseker inequality 
for holds: 



par-ch2,i(/:*) < 



/^par-cf^(£*) 



X ' 2 rank C 

Proof Recall that saturated regular filtered flat shaves are regular filtered fiat bundles in codimcnsion two 
fLemma l2.12p . Hence, the claim follows from Corollary [631 Corollarv l6.7l and Corollary 13. 201 I 
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Corollary 6.9 Let X he a smooth projective variety with an ample line bundle L, and let D be a simple normal 
crossing divisor. Let C\°^^ be the category of ^L-poly stable regular filtered flat bundle on {X,D) with trivial 
characteristic numbers, and let C^"^^ be the category of ^L-polystable filtered local system on {X,D) with trivial 
characteristic numbers. Then, the functor $ naturally gives the equivalence of them. 

Proof We have only to remark that saturated /iL-stable regular filtered fiat sheaves with trivial characteristic 
numbers are regular filtered bundles (Theorem 15. 16p . I 

Remark 6.10 Due to the result in [30 and the existence of a pluri-harmonic metric for the filtrations 

for [iL-stahle filtered local systems satisfy some compatibility around the intersection points of D. I 
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